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Abstract This is the second of two papers on a continuum version of the Potts model, where
particles are points in R?, d > 2, with a spin which may take S > 3 possible values. Particles
with different spins repel each other via a Kac pair potential of range y !, ¥ > 0. In this
paper we prove phase transition, namely we prove that if the scaling parameter of the Kac
potential is suitably small, given any temperature there is a value of the chemical potential
such that at the given temperature and chemical potential there exist S + 1 mutually distinct
DLR measures.

Keywords Phase transition in continuum particle systems - Pirogov-Sinai theory
1 Introduction

The conjecture that mean field phase diagrams are well approximated by systems with long
range interactions cannot be taken literally as it obviously fails in one dimensional systems
(if the second moment of the interaction is finite), moreover the mean field critical expo-
nents are [believed to be] different from those computed for finite range interactions. With
proper caveat however the conjecture is generally regarded as correct and indeed there are
mathematical proofs mainly referring to specific models and focused on the occurrence of
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Fig. 1 Phase diagram of the Critical line Ag = Al—ﬁl?ogﬂ
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phase transitions. The choice of the approximating Hamiltonian is not at all arbitrary and
the results so far have been obtained for reflection positive interactions, [3], and for Kac
potentials, [4]. The former choice is clearly motivated by a powerful and well developed
theory, the latter class seems more general, in particular includes systems of particles in the
continuum as the one considered in the present paper. We will in fact study here a continuum
version of the classical Potts model. Its mean field free energy is

1 1
Fip) =52 pspe =23 o= S, S(p)==) pllogp =11 (LD
s#s’ s s

p={p1,...,ps} € Ri, ps represents the density of particles with spin s, s € {1,..., S},
S > 3; B the inverse temperature; A the chemical potential.
Despite the simplicity of the model its thermodynamics, which is defined by minimizing
F g‘i (p) over p € RS, has a rather interesting structure. In [7] and [5] it is proved that the
resulting phase diagram is characterized by a critical curve A = Ag, 8 > 0, as in Fig. 1.
ngﬂ has S + 1 minimizers p® = (p®, s =1,...,8),k=1,..., S + 1. There are posi-
tive numbers a, b < ¢ so that

oSt =a, Vs, fork<8:p® =b, Vs £k, pF =c (1.2)
Furthermore
Sa<b*, b i=(S—1)b+c (13)

so that the total density of the state p**! is smaller than the total density in any of the
ordered critical points p®, k < S, which is in fact equal to b*.

When A > Ag, only the ordered states survive and there are S minimizers, when A < Ag,
only the disordered state survives and there is a unique minimizer. Therefore when crossing
vertically the critical curve the total density jumps, a phenomenon which can be related to
magnetostriction as argued in [5].

The Kac proposal applied to (1.1) leads to Hamiltonians of the form

1
Hyi(q) =5 D Vo i i)z, — (1.4)
i#]
where g = (..., ri,8i,...), i=1,...,n,r € RY, s; €{1,..., S}, is a finite configuration

of particles with spin; A the chemical potential and V,, (r;, 7;) = vV (yri, yr ), V(r,r') a
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symmetric probability kernel, say with range 1. An analysis a la Lebowitz and Penrose, [8]
(see also Gates and Penrose, [6]) proves that the mesoscopic (y — 0) behavior of the system
with Hamiltonian H,, ,(g) is described by

1
Frap)=5 / PV (1, oy (F)drdr' — /

5,558’

{S(p(r))
B

+x2ps<r>}dr (1.5)

as a functional defined on functions p € L®(R?, Ri) with compact support. Let A a torus
in R?, call Fg ;. (p) the functional (1.5) on L*°(A, Ri), then obviously

inf  Fpa(p) <|A| inf FE(p) (1.6)
peL®(ARY) peRS

(just restrict the inf on the L.h.s. to constant functions). Thus a preliminary condition for the
particle model to have mean field behavior is to require that (1.6) holds with equality, which
(we suspect) requires extra conditions on V.

In [9] the Kac proposal has been modified in such a way that the above condition is
automatically satisfied. Call e™(p) the mean field energy, in our case

eTf(p)=% D ppe =Y ps (1.7)

5,87 55487 s

(i.e. the first two terms on the r.h.s. of (1.1), the third one is the contribution of the entropy
to the free energy) and set

H,,(q) = f Uy kg dr, Ty xq(r) €RS, (S, xq)(ns) =Yy (rr) Ly, (18)

1

J,(r,r") = y@J(yr, yr') with J(r,r’) a smooth, symmetric, translational invariant proba-
bility kernel with range 1, J(r,r") =0if |[r —r’| > 1.

Namely the “modified Kac proposal” we are adopting is to suppose that the particle
Hamiltonian has an energy density at point r given by the mean field free energy computed
on the empirical density J, * q(r). Analogous prescription can be applied whenever the
mean field order parameter is a density (or as in this case a collection of densities). The free
energy functional associated to (1.8) is, supposing A a torus in R?,

S(p(r)) }

1.9
8 (1.9)

Fg,n(p) =/ {einf(J *p(r)) —
A

which can be rewritten as

S(J*p(r)
B

By convexity the second integral is non negative and 0 on the constants; the first one is
minimized by taking p(r) constantly equal to the minimizer of F E’KC). Thus (1.6) holds in
this case with equality.

Notice that the Hamiltonian H,, ; (q) of (1.8) has the form (1.4) because it can be written

1
Fg.a(p) =/ {eﬁf(f *p(r) — }+ E/{S(J *p) —JxS(p)}  (1.10)
A A

as

1
Hyi(@) =5 Dy J) 0o ), — b (1.11)
i#]
Thus the LMP prescription in this case is just a positivity assumption on the kernel V (more
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precisely V = J, * J,,). In the sequel we will restrict to the choice (1.8)—(1.11). The main
result in this paper is

Theorem 1.1 Foranyd >2,8 >3, B > Othereis y* > 0 and for any y < y* there are Ag,,
and S+ 1 DLR measures at (B, Ag.,,), denoted by u™  k € {1,..., S + 1}, with the following
properties.

o Each u® is a translational invariant, extremal DLR measure (with trivial o-algebra at
infinity);

o any translational invariant DLR measure is a convex combination of {u®,k e {1,...,
S+1}};

e calling ,0;]3/, s’ e{l,..., S} the average density of particles with spin s' in u® and ,os(k)
: k (k).
the mean field values, lim, _. p;,z, =0,

o any measure u®, k < S, is invariant under any exchange of spin labels which does not
involve k while nS*V is invariant under any exchange of spin labels.

The proof of Theorem 1.1 uses specific features of the model besides the property that
(1.6) is true with equality. Which properties are of general nature and which ones are instead
truly specific of the model is difficult to say. To a great extent the proof follows from the
analysis (a la Pirogov-Sinai) of the LMP model in Chaps. 11 and 12 of [10], but there are
several points where we need to overcome important difficulties not present in the LMP
model. Among them the main one is about the exponential decay of correlations in the
restricted ensemble, Theorem 3.1 of the companion paper [5]. How to go from such a result
to the proof of Theorem 1.1 is the content of the present paper.

Theorem 1.1 does not claim anything away from (8, A, ), this allows to simplify the
traditional Pirogov-Sinai approach. The conjecture is that when A varies in (Ag, — €,
Agy +€), € > 0 suitably small, then we go from uniqueness A < Az, to S extremal states,
A > Ag,y, (always referring to translational invariant DLR states). The Potts model does not
exactly fall in the class considered in [2] but presumably the analysis in [2] can be extended
to prove the above conjecture. It is also plausible that the estimates are uniform in a small
neighborhood of B, in such a case we would have local closeness of the mean field and
the finite y phase diagrams, thus partially confirming the validity of the conjecture in the
beginning of the introduction.

In Part 1 we define the model and establish the main notation, Sect. 2, and then prove
Theorem 1.1, Sect. 3, supposing that the Peierls estimates on contours are valid. In Part 2
we prove the Peierls estimates, this being the more technical part of the paper.

Part 1

2 Main Notation and Definitions

We start with the basic definitions. They are quite standard and consistent with those of the
companion paper [5].

2.1 Geometrical Notions

We give the following definitions.

o The partitions D©.
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We denote by D, € > 0, the partition {C©), x € £Z¢} of R into the cubes C) = {r e R?:
xi <r;<x;+4£,i=1,...,d} (r; and x; the Cartesian components of r and x). We call C(¥
the cube which contains r € R?.

o DO .measurable sets and functions.

A set is D¥-measurable if it is union of cubes in D©. A function f :R? x {1,...,S} - R
is D®-measurable if its inverse images are D®-measurable sets, or, equivalently, if it is
constant on the cubes of D©.

o DY_boundaries of a set.

Calling two sets connected if their closures have non empty intersection, given a D©-
measurable region A we call Sﬁm[A] the union of all cubes of D® in A¢ =R?\ A which
are connected to A. Analogously we call 8 [A] the union of all cubes of D in A which

m
are connected to A°.
2.2 Phase Space, Topology and Free Measure

We start with the definition of the phase space.
o The phase space Q.

It is convenient to represent the phase space Q of the Potts model as a spin system on the
lattice, the spins taking values in a non compact space. With {C; = Cl.(l), i € Z%) the cubes
of the partition DV, we then define Qc, :=J,-,(C; x {1,...,SH" and Q =[], Qc,.

Thus an element g € Q is a collection of sequences ¢ € Qc,,if ¢ = (r1, 51, ..., 74, 5,)
we will then say that in C; there are n particles at positions »; with spins s;, j =1,...,n.
As particles are undistinguishable, physical observables are functions symmetric under ex-
change of particles labels and the actual physical phase space is Q%™ =[], Qscy’,m which
is obtained by taking the quotient under permutation of indices. To simplify notation in the
sequel we will just write Q being clear from the context if we are referring to Q*™. Since la-
bels are unimportant we can write a configuration ¢ € Q as asequence ¢ ={...,r;,5;,...},
rj € R4, sje{l,..., S}, indeed g¢;, = g N C;, namely the set of all (r;,s;) €q :r; € C;,
identifies the component of g in Qc,. Given g = {...,rj,s;,...} € Q we write g(s) =
{(rj,s;) eq:s;j=s}and wecall Q5 :={qr € Q:qr ={(r},s;) €q :r; € A}}. We finally
denote by g U ¢’ the configuration which collects all the particles in ¢ and ¢’, evidently
referring here to indistinguishable particle configurations.

e Topological properties of Q.

We consider Qc¢, = J,-¢(Ci x {1,..., S)" equipped with its natural topology and Q with
the product topology calling X the corresponding Borel o -algebra.

While the product topology in Q is not physically correct (the path of a particle moving
continuously from a cube C; to another one is not continuous in the product topology) yet the
Borel structure is not changed and since we are interested in measure theoretically properties
the above definition becomes acceptable.

o The free measure.

We denote by v(dgc,) the measure on O, which restricted to (C; x {1, ..., §})" is equal to
(n"~'dr, ...dr,, such that if f is a bounded measurable function on Qc;

=1
/ f@vdge)=) = > / fosi e s)dr . dr,
Qq; n ct

n=0 S1seesSn
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If A is a bounded DV measurable region we define the free measure v(dgn) =
[Ticanze v(dgc,) on Q4 observing that for any measurable set A C A

=1
/ f@vidg) =3 — Z/ Falriy 1, s sy)dry . dry @.1)
QA =0 .] Al

2.3 Energy and Gibbs Measures

We have already defined the energy H,, ,(g) (of a finite configuration), see (1.8). The energy
in a bounded set A with boundary condition g, is defined as usual as

H 3.(qalgac) = Hy(ga U gac) — Hy(Gac)
= / , [eX(J, * (g Ugac)) — el (J, xqac)]dr 2.2)
R(

The expression on the r.h.s. depends only on the particles of ¢ at distance < 2y~

In the sequel we will sometimes replace g,c by o-finite measures by setting
Jy xdp(r,s) = f J, (r,rYdp(r', s) (2.3)
R4
du(r, s) any non negative o-finite measure on R? x {1, ..., S}. By identifying g € Q as a

sum of Dirac deltas we may regard the convolution J,, x g as a particular case of (2.3). In
particular we will often consider

Hy s (qalx ) = /};l [e(J, % qn + Jy * x10) — e (Jy * x40) ]dr 24)
k. (k) k) — (,® (k) : o
where x,¢ := p"1,c where p™ = (o, ..., p5"), k €{l,..., S+ 1} is one of the mini

mizers of the mean field free energy F, g‘i 5
The Gibbs measure in A (A a bounded, measurable set in R) with boundary conditions
qis
Giag(dqn) = Z} ge PHInranindgu(gy) (2.5)
where the partition function Z, ; is the normalization factor in (2.5). We will also consider

more general boundary conditions with g replaced by o -finite measure, the formula is again
(2.5) with the energy defined using (2.3).

2.4 Phase Indicators and Restricted Phase Space

As usual in statistical mechanics local equilibrium and deviations from equilibrium are de-
fined in terms of “averages” and of “coarse grained” variables. We briefly recall the main
notion adapted to the present context. Given a configuration g € Q we denote by n‘9(r, s; q)
the number of particles in the configuration g which are in the cube C© and have spin s,
namely

nO@r,s1q):=1g()NCY|, sefl,....S} (2.6)
We also define the density of particles in C¢,

nO, s; q)

o se{l,...,S} Q@.7)

p(r.s:q) =
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The phase indicators are introduced using two scales £_ and £, and an accuracy para-
meter ¢. All these numbers depend on y and there is much flexibility about their choice, for
the sake of definitiveness we fix them as follows:

Definition 2.1 (Choice of parameters) We choose £_ and £ as functions of y:
=yt Co=y "7 a <1, a0y <1 (2.8)

supposing for simplicity that y = and y ~0%%%) are in {2", n € N}. We also choose

We require that o > «_ > a and

2 oy 1 1
2ad +a_d” < —, — —2day >0, - —d(ay —a_)>0 2.9
2 2 4
oy +a_ 1 a1
Toa Sa fetertg<g @10

Thus for y small, £_ is much larger than 1 and much smaller than 2y !, the range of
the interaction; it defines a scale large enough to make statistics reliable. Indeed, the scale
£_ is used together with the accuracy parameter { to determine if a configuration (or a
density) is close to a mean field equilibrium value in a cube C“~). This will be done via the
phase indicator that we denote by 1. Local equilibrium is instead present when the above
closeness extends to regions in the scale £, thus regions with a diameter much larger than
the interaction range. To quantify the local equilibrium we use the phase indicator on the
scale £, that we denote by ©.

Forany p € L'(R? x {1,..., S}) we then define in analogy to (2.7)

1
(Z)(r,s):][ (x,s)dx, ][::—/
u Cﬁl‘)p a Al J4

k if|p©O@,s)—p®| <¢,Vs
n“'“(r;p)={ lp pl=¢ (2.11)

and

0 otherwise

and

ko if n@t(; p) =k in €I USLHIC ]

. (2.12)
0 otherwise

O (r; p) = {

Recalling (2.7), the previous definitions extend to particle configurations g by setting

nC ) =00 G, O g) =08 0 p (g )

(2.13)

We will often drop the suffix (¢, £_) by writing 7 instead of 7%-*~), analogously for ®.

Given A € Reand k e {l1,..., S+ 1}, we define “the k-restricted ensemble” as
xP=20@ )= lgn g =k, vren) 2.14)

If A =R? we simply write X®. By an abuse of notation we also denote by X 1(\]‘) the space
of densities p such that n(-; p) =k in A.
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2.5 Colored Contours

First observe that
r:0C =S g;r)=kyn{r:0% " (gr)=h}=0, h#k

In fact the two regions are separated by the set {r : @*—¢+)(g; r) = 0} which is what we
call spatial support of a contour. Given a configuration ¢ such that {r e R? : ©(r; ¢) =0} is
bounded, we call contour a pair I' = (sp(I"), nrr) where sp(I"), the spatial support of I" is

sp(I') = maximal connected component of the region {r € R?:O(r; q) =0} (2.15)

and nr(r) =n(r; q),r € sp(I'), its specification. Abstract contours I" are the pairs which
arise from some configuration as above.

We decompose the complement of sp(I") as sp(I')¢ = ext(I") U int(I") where ext(I") is
the unbounded, maximal connected component of sp(I")°. We denote by

[sp(T)]
Np =P
&

, o) =sp(I') Uint(T") (2.16)

We omit the proof of the following proposition (which is a straightforward consequence
of the definition of phase indicators and contours).

Proposition 2.2 Suppose q has a contour T, then there is k € {1,...,S + 1} such that
O(r;q) =k forallr € (Sﬁjt[c(r‘)], c(I") as in (2.16). Moreover if A is any maximal connected
component of int(I") then thereish € {1, ..., S+1} such that ©(r; q) = h forallr € Sf;[A].

Proposition 2.2 implies that given any I', ©(r; g), r € Sou[sp(I")] is determined by nr
and assumes the same value for all ¢ € {g : I is a contour for ¢}. We will then say that I" has
colorkif ©(r;q) =k forallr € (Sfj‘[c(r‘)] and denote by int, (I') the union of the maximal
connected components A; of int(I") where ®(r; g) =h forall r € (Sf;’ [A;].

Given a color k and a bounded, simply connected D“+)-measurable region A, we denote
by B’j\ the collection of all sequences ' = (I'(1), ..., I'(n)) of contours of color £ with

spatial support in A \ 8fn+ [A] and such that the spatial supports are mutually disconnected.

3 Proof of Theorem 1.1
3.1 The Main Technical Result

From a technical point the main results in this paper are Theorem 3.1 and Theorem 3.2
below. Their statements involve the notion of k-boundary conditions, diluted Gibbs measure
and diluted partition functions.

e k-boundary conditions.

Let ke {l,...,5+ 1} and A a bounded D+ -measurable region. A configuration g is a
k-boundary condition relative to A if there is a configuration ¢® € X® (see (2.14)) which
is equal to g in the region {r € A€ : dist(r, A) <2y~ '}.

e Diluted Gibbs measure and partition function.
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Let A, g and ¢® as above, then the k-diluted Gibbs measure in A with b.c. g is

e PHALGAIGAC)

(k) —
Grngldgn) = T,@lwwwqﬁ:w:k, restrian®(@4n) G.D
where
Ziak(q) = f e PNy (dg,) 3.2)
(OqaUg i =k.r € 5 1A}

is the diluted partition function.

Theorem 3.1 For any B there are c*, yg > 0 and for any y < yg there is Ag ,, such that for
any bounded, simply connected, D+ measurable region A, any k-boundary conditions g
and anyr € A,

G (O (gir) =k} = 1 - exp|—p S (2¢4)] (33)

The proof of Theorem 3.1 is a corollary of Theorem 3.2 below, which involves the fun-
damental notion of contour weights:
o The true weight of a contour.

Given a k-colored contour I' and a k-boundary condition g® relative to ¢(I"), we define
the “true” weight W5te(I"|¢®) as

—BH, . ) TTP (kj)
/Yspw)(rzr)e BHsp(r),2.(Gsp(r) l9e(ry ]‘[Fl Zin;(r),)\(qsp(F))v(dQSp(F))

—BH, ( «(me) TTP (k)
sz(g()r) e PHap) G ey l_[jzl Zintj(F),x(qSP(F))v(quP(r))

Wk,true(l—w |q (k)) —

34

where Y,y (1) = {gspr) : 13 gspry) = nr(r), r € sp(I")}; int(I") decomposes into p
maximal connected components int;(I'), j = 1,..., p; k; denotes the value of ® on
8.+ [int; ().

The above are called true weights to distinguish them from fictitious weights introduced
in the proof of Theorem 3.2.

Theorem 3.2 In the same context of Theorem 3.1, for all y small enough and recalling
definition (2.16),

c*
Wk,lrue(l-w|q(k)) < eXP[—,B?é‘zZiNF] (3.5)

As already pointed out Theorem 3.2 is the main technical result in this paper, its proof
follows the Pirogov-Sinai strategy and it is reported in Part 2. We will next show that Theo-
rem 3.1 follows from Theorem 3.2.

Proof of Theorem 3.1 (Using Theorem 3.2) By definition the k-diluted Gibbs measures in
A have support on configurations where ® = k on (an* [A]. Therefore if ®(r; go) # k there
must be a contour I such that r € ¢(I"). Thus G;';;V,A’ ;{05 (g1 r) # k}) is bounded
by '

Z (S + 2)( /4N g=B(* /D¢ Np

c(D)ar
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where D ranges over all possible values of sp(I") such that ¢(I") > r; Np is the number of
D) cubes in D. (S +2) is the number of possible values of 7(-), (£,/£_)¢ Np the number
of D) cubes in D. The above is bounded by

Pl M Z (S + 2)E+/t=) N p=p(c*/H52eLNp

c(D)>r

The sum vanishes as y — 0, see for instance the proof of Theorem 9.2.8.1 in [10], such that
for y small enough the above is bounded by e=#(«"/4¢*¢% a

In the following sections we will see that the proof of Theorem 1.1 follows from Theo-
rem 3.2 and Theorem 3.1 of [5] using the same general arguments as in [10] for the analo-
gous proof in the LMP model. In Part 2 we will prove Theorem 3.2.

3.2 Existence of DLR Measures

A probability u on Q is DLR at (8, 1) if for any bounded, measurable cylindrical function
f and any bounded measurable set A C R?,

Mﬁzu@mAﬁyszmAﬂMM) (3.6)
Q

We fix B and set by default y < yg and A = A, see Theorem 3.1. 8 and A in the sequel
will be often omitted from the notation. We will start by proving:

Theorem 3.3 The set of DLR measures at (B, Ag ) is a non empty, convex, weakly compact
set.

The proof is made simpler by the assumption that the interaction is non negative. We
follow closely Sect. 12.1 of [10] where the analogous statement is proved for the LMP
model and where the reader may find more details. The basic estimate is (3.8) below. Let
C € DV, G ; the Gibbs measure on Q¢ at (B, Ag,,) with boundary conditions g,

Asnci=]aeQctlgl =N.gN{r e Cdisr, C) < 6) =n) 3.7)

Then, using the non negativity of the interaction,

N
. S"(2ddn) "
GeaAjyo) sen=) ——+) — (3.8)
n=1 n>N
and therefore there are n* and 6, > 0 (decreasing with n) such that for any g € Q,
Geg(As, . 0) <e", foralln>n" (3.9)

By supposing (without loss of generality) n* large enough, there exist configurations g® ¢
X® k=1,...,5+ 1, such that

g™ e () Aspmc, (3.10)

iezd
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Call M (Q) the set of all probabilities on Q and
M°(Q) = [M € M(Q) 1 ju(AS, i) <e " forall n > n* andall i € Z"] G.11)
Define also for any bounded DV -measurable set A C R?,
Gn = {M eM(Q):u(f)= M(GA,q(f))}, G =GaNM°(Q) (3.12)

If A is D) -measurable and ¢® as in (3.10), then by (3.9) G Agh € G% which is therefore
non empty. A stronger statement actually holds:

Lemma 3.4 GY is a non empty, convex, weakly compact set and if A C A then G8 C GY.

Proof For any n > n* the set ﬂ,-eza A3n+|i\v”+‘i‘sci is compact and if . € M°(Q),

1) Asppnsiic) 2 1—ce™, ci= e (3.13)

iezd iezd

Then, by the Prohorov theorem, the weak closure of G is weakly compact. Since A§ e
is closed, the inequalities M(Ag,,,n. ¢) < e~ " are preserved under weak limits such that Q?\ is

weakly closed, hence weakly compact. Convexity and the inclusion Q?\ - gg are obvious
and the lemma is proved. O

Corollary 3.5 Let A, be an increasing sequence of D'V -measurable sets invading R?, then
G%:= N, ggn is a non empty, convex, weakly compact set independent of the sequence A,,.

Lemma 3.6 Any measure in G° is DLR and any DLR measure is in G°.

Proof Let A be a bounded, measurable (but not necessarily D"-measurable) set, and
A D A a bounded DV-measurable set. Then if 1 € G°, u e gR and since Gp ;(f) =
G,5(Ga ¢(f)), itthen follows that u(f) = u(Ga 4(f)), hence that p is DLR. Viceversa if
w is DLR then by (3.9) and the DLR property, u € M°(X). By (3.6) 11 € G4, hence 11 € Q?\
and by the arbitrariness of A in G°. O

Corollary 3.5 and Lemma 3.6 prove Theorem 3.3. Moreover

Theorem 3.7 Let A, be an increasing sequence of D) -measurable regions invading R?
and g®,k=1,..., S+ 1, configurations satisfying (3.10). Then GXC) 4 converges weakly

to a measure u® € G° and (with c* as in Theorem 3.1)
,u“”({@(-; r)= k}) >1- eiﬂ("‘*/“){zﬁ, foranyr e R? (3.14)
Proof Call A’ = A, \ 5,

Since A, is increasing, by Lemma 3.4 for n > m, GX‘) s € G%  which is weakly compact.
ns m

T[A], Ay = A"\ 8 [A). Then by (3.9) and (3.10) G, €G3 .

n

Then ij) 4 CONVerges weakly by subsequences to an element u® of ggm. Thus u® e
M, G%,, and by Corollary 3.5 u® € G°. (3.14) follows because it is satisfied by G .,

GX() 40 converges weakly to u® by subsequences and {@ (-; r) = k} is closed. ]
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3.3 Relativized Uniqueness of DLR Measures

The title means that k-boundary conditions, k € {1, ..., S 4 1}, select a unique measure in
the thermodynamic limit. The precise results are stated in Theorem 3.8 and its corollary
Theorem 3.10.

Theorem 3.8 There are w and c positive such that for all y small enough, for all k €
(1,...,8 + 1}, for all bounded, D+)-measurable, simply connected regions Ay, A, for
all k-boundary conditions qy, q», for all D) -measurable sets A in Ay N Ay and for all
bounded, measurable cylindrical functions f in A,

|G(k> (f) — G(k> (f)| < c”f”OO|Ale*ﬂ)é;]dist(A,(AlﬁAz)c) (3.15)

Arq Ar.qp

The proof will be obtained after rewriting the expectations Gif,)q(k) (f) in a way which
allows to exploit the couplings introduced in [5].

Notation We fix A and f as in Theorem 3.8. Let A D A be a bounded, D'+)-measurable
set, I € BX and (recall (3.4))

c@=Jem, extM=A\e@, WTCg=[][W™Tq) 3.16)

rer rer
Denote by Bk’e’“ the subset of Bk of collections I" = (I'y, ..., I',;) made exclusively of exter-
nal contours, namely such that all ¢(I";) are mutually dlsconnected LetI" € Bk “*and call
(dependence on f, A and A is not made explicit):
k(L):{F eL:c(r)mA;é@} (3.17)
DI =(anex iUy | doile] } (3.18)
rek(D)
NOT;q; f)
F(g,D)= m7 q : qexyr) € Xext(r) (3.19)

where, calling X°(T) = {gcr) : 1(gery;7) = nr@),r € sp(D), Ogeary;¥) = h,
r €87 [int" ()]} and X9(T) = Ny X0(D),

N® C:q;: )= / ) e—ﬂHt(D(ql.(D\tIequ)f(qé(D, Gexi))dVe(r) (qé(D) (3.20)
XD

Theorem 3.9 With the above notation

IFlloo < fleer  Flq. D)= F(g@pq, K(D) (3.21)
G W= / " Fqn; e@Ndp, 1 (@n. D) (3.22)
resk
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where ¢ex(L) is the subset of external contours in U (obtained by deleting from T all T’
with c¢(I'") C ¢(T") for some other T € I'); and, recalling the definition (3.2),

1 * o
dp}(f)A,q(k) (ga,T) = (th)qm) e BHAGANND ke (. al, wdvalqa)  (323)
The proof is completely analogous to that of Theorem 12.5.1.1 in [10] and omitted.

Proof of Theorem 3.8 By Theorem 3.2 the contour weights satisfy the assumptions in
Theorem 3.1 of [5] which can then be applied. It then follows that there is a cou-

pling dP(q’,T’,q", L") of de‘l)ﬁql and de‘z)‘qz with the following property. P(A) > 1 —

|Ale=@t dsAL(A10A2)) where A is the set of all (q',T’,q",I") for which there exists a
D) _measurable region A’ such that: if ' e I’ UT"” then ¢(I") N an+ [A’] = @; the contours
of I'" and I'” with spatial support in A’ are identical as well as the restrictions to A’ of g’
and ¢”; finally A C A'\ 8- [A']. By (3.22),

¥, (H-GY ()= / (F@as eI = F(Gnsi gL' )dP (', T, ", ")
(3.24)
and by the definition of F, F(qa,; ¢ext(I")) = F(qa,; ¢ext (L)) on A, hence Theorem 3.8. O

As an immediate corollary of Theorem 3.8 we have:

Theorem 3.10 In the same context of Theorem 3.8,

—14is ¢
|G () = O ()] Sl fllool Al D (3.25)

where 1® is the DLR measure defined in Theorem 3.7.

3.4 Tail Field and Extremality

In this section we will prove that the DLR measures 1® have all trivial o -algebra at infinity
(also called the tail field) and they are therefore extremal DLR measures. The property
follows from the Peierls bounds, Theorem 3.2, and the exponential decay of correlations,
Theorem 3.10. The particular structure of the model is at this point rather unimportant and
indeed we will be able to avoid many proofs by referring to their analogues [10].

Definition 3.11 Let {A,} be an arbitrary but fixed increasing sequence of D+)-measurable
cubes of sides 2"¢, which invades the whole space and S the collection of sequences {A,}
of the form {z; A, }, where 7;,i € aZ?,a € {27/, J € N}, is the translation by i.

When proving in the next subsections that the measures u®) are translational invariant,
we will need translates of the sequence {A,}, hence the definition of S. Observe that se-
quences in S are not necessarily D'“+)-measurable.

Definition 3.12 The k-tail field, k € {1, ..., S + 1}, is defined as
Ok il = {q €Q: nli)rzlo G, ()= w®(f), for any {A,} €S

and for any bounded, measurable cylindrical function f } (3.26)
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Theorem 3.13 For all y small enough ,u(k)(Qk,mil) =1,ke{l,...,S+1}.

By taking countably many intersection we can reduce the proof of Theorem 3.13 to the
proof that for any sequence {A,} € S and any D“+)-measurable cube A

u® ({q eX: lim Gp,q(f)= w®( f), for all bounded, measurable functions f
—> 00
cylindrical in A}) =1 (3.27)

This would be direct consequence of Theorem 3.10 if we had GX‘: o instead of G4, 4 in
(3.27) and the whole point will be to reduce to such a case.

o Random sets.

We call A,.o the union of all D¢+ cubes contained in A, (recall A, may not be D+

measurable) and define the random set N,, out as follows. N,, out(g) is the union of An 0

with all the maximal connected components A of the set {r € A,.o : ®(g; r) # k} such that
Ou[[A] NA;y.# 9. We call Nn in the complement of Nn out and observe that by construction,

O(r;q) =k forall r € Si;[N,Lm].
e The favorable case.

Given r call A(g;r) the maximal connected component of {®(-; g) # k} which contains r
(A(g; r) may be empty). Calling diam(A) the diameter of the set A, we define

B, := {q - diam(A(r; q)) < 25, forall r € af;[Amo]} (3.28)
Notice that
Npou(@) NAu_y =%, forallgeB, (3.29)

2 pd yon—1
Theorem 3.14 Let €, := 2"~ D= PC/HECHO™ g

F, = {q : GAn,q(Bn) >1- én} (330)
Then
nO(F)=1- e (331)

and for all g € F, and all measurable, bounded functions f cylindrical in A,

=1 4 c
|G ang () = 1P| <20 Flloon/En + cll flloc] Ae™@5+ HSHAA2) (3.32)

with ¢ and w as in (3.15).

The proof of Theorem 3.14 is completely analogous to the proof of Theorem 12.2.2.5 in
[10] and it is omitted, we just outline its main steps. To prove (3.31) we write

1O(B,) = 1P (G, (B:)) = O (F) + (1 = Ve (1 = w9 (F) (3.33)

and (3.31) follows from (3.33) and the inequality u® (B,) > 1 — €,. To prove the latter we
observe that B, is a cylindrical set and therefore u® (B,) = lim,,_, o G(/f) 4® (B,). We can
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then use the Peierls bounds in (3.5) and after some standard combinatorial arguments prove
the desired inequality and hence (3.31).
Let g € F, then

‘GAn,qm— > Gang(ly, 0esG5 (D) S 100G ang(BS) <11 fllson/En
BCAS_,

Hence

(G ana(F) = O] <20 flov/@ + sup sup [GE ()= ub()]

BCAL_, W eQ®

such that (3.32) follows from (3.25), the bound being uniform in all f cylindrical in A.

Proof of Theorem 3.13 We use a Borel-Cantelli argument. Let F;, as above, then

uPFy=1, F=JF (3.34)

By (3.32)
lim G, ,(f)=pu®(f), forallgeF (3.35)
and Theorem 3.13 follows from (3.34) and (3.35). O

3.5 Decomposition of Translational Invariant DLR Measures

In this section we will prove that any translational invariant DLR measure can be written as
a convex combination of the measures u®, this is not yet the decomposition into ergodic
DLR measures because we do not know that the 1® are translational invariant (a statement
proved in the next section). However it follows directly from Theorem 3.10 that any p® is
translational invariant under {7;, i € £,7¢}. Indeed by Theorem 3.10 for any ¢ € Q®, u® =
lim,, GXM weakly, then 7; (u®) = lim, ti(GX,,,q) and the latter is equal to lim,, (G:(An),n @)
which by Theorem 3.10 is equal to u®. We have:

Theorem 3.15 For all y small enough the following holds. Let m be any DLR measure
invariant under {t;,i € £, 7%, then there is a unique sequence (uy, ..., us) of numbers in
[0, 1] such that

m=uop® + - +usu® (3.36)

Proof The proof is an adaptation of the classical argument by Gallavotti and Miracle-Sole
for the analogous property in the Ising model at low temperatures. Its extension to Ising
models with Kac potentials has been carried out in [1] and adapted in [10] to the LMP
model. All these proofs are basically the same as the original one and we think it useless to
repeat it once more here. The argument shows (see for instance Sect. 12.3 in [10]) that there
are numbers u; ; € [0, 1], k =1,...,S + 1 with the following property; for any bounded
cylindrical function f there is a function € (L) vanishing as L — oo and satisfying, for any
D) -measurable cube A of side L€ :

N
m(f) =Y uen®(f)| <€) (3.37)

k=0

@ Springer



258 A. De Masi et al.

By compactness there is a sequence L, (independent of f) such that lim,_, o uy 1, =: ug,
for all k. Then

S
m(f)="y wpn®(f) (3.38)

k=0

and (3.36) is proved since m is determined by expectations of bounded cylindrical func-
tions f. |

3.6 Ergodicity

In this section we will complete the proof of Theorem 1.1 by proving that the measures
w® are translational invariant, since their tail field is trivial they are then ergodic and the
decomposition (3.36) becomes the decomposition into ergodic DLR measures.

Let S be as in Definition 3.11 and i € aZ¢, a € {2, n € N}, define

Quaiti = {9 € Q: lim G, (/) = [()I(f). for any (A} € S

and any bounded, measurable cylindrical function f } (3.39)

such that Oy wi.0 = Qk il the tail set of Definition 3.12. It then follows (see the proof of the
analogous Lemma 12.4.1.1 in [10] for details of the proof) that:

Lemma 3.16 Foranyi caZ% ac{27",neN},
Qg raityi = T-i (Quait)s [T (L ) Qi) = 1 (3.40)

Moreover T, (u®) # s if and only if Q iti N Q. tait = 9.

Lemma 3.17 For all y small enough the following holds: for any i € aZ¢,a € (27", n € N},
u™ and 7;,(u®), h # k, are mutually singular and Qi it N Op.rait = V.

Proof By Lemma 3.16 it suffices to show that u® = 7;(u™) which is proved by the same
argument used to prove Lemma 12.4.1.3 of [10], we just report the main steps. Suppose
(without loss of generality) that k € {1, ..., S}, i.e. u® an ordered state.

Since 7; (u®) is invariant by translations of Z+Zd, foranyi e aZ,ae{27",n e N}, we

may also restrict to 7; with i € Cée*) NaZ®. Let A be a D“+)-measurable cube, |g, (k)| the

\qC(u) Q]
—2——) because u™

number of particles in g, with spin s = k, then u(h)(%) =M peasy
0

is invariant under translations in £, Z%. u® (%) is then bounded from above by

|qC([+)(k)|

Sk 2pd
Iz ) <P L eleT PP
+

"+ +p® (1@(»;@#

1/2
— —d/2
= g e, ' < 67 ( > u“”(|qc5n(k>|2>>

() — ~(ly)
C;'cC
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having used Cauchy-Schwartz. Since the energy is non negative,

2
) 2y n
1 gem gyl = > <

n>1

Thus in conclusion

k S
M(h)<|f1?\1£|)|> < pP 4 (¢ + e P (3.41)

For any j € C( Y Nazd, T (A) D Ao, A=A\ 8{Z+ "[A]. Let N, and Np, the number of
D) _cubes in A and A, then for any i € Cé N azd

g (k)| lga, )\ Na 1q .o (K]
(k) (o ( HAo A1} ZTBo (k) 0
[m( )]( o B C B (7Zi )

Iq lq (4+ )l
We then write ;,L(k)( ) >u k)(

lo(.0)=«) and get

[z (u (k))]<|q|A[EI|€)|> > JIVVA()( (k) —0a _e*ﬂ(C*/‘*){zé‘i)

Np—N
> p < ®) ) —B(c*/4c2ed AT VAg
> (w { 2

which is strictly larger than the r.h.s. of (3.41) for A large and y small. Thus z;(u®) #
(h) O
w.

We will prove translational invariance for special values of the mesh, a € {27",n € N},
the general case follows by a density argument completely analogous to the one used for the
LMP model, see Sect. 12.4.2 of [10], which is therefore omitted.

Theorem 3.18 Forallk € {0, ..., S} and all y small enough the measures u*® are invariant
under translations by t;, for any i € aZ%,a € {27, n e N}.

Proof Fix a € {27, n e N}. Since 7; (1®) is invariant under translations in £, Z¢, the mea-
sure

d

a
=— > " (3.42)
€01 it

is invariant under the group of translations {t;, i € aZ}. Then by (3.36)
v=uoun® + - +ugu® (3.43)

By Lemma 3.17 7;(1®)(Q} 1ai1) = O for any h # k, such that v(Qj, 1) = 0. On the other
hand 1" (Qp it) = 1, therefore in (3.43) u;, = 0 for all 7 # k and hence v = u® . If there is
ie Céh) NaZ4 such that 7; (u®) # u®, then again by Lemma 3.17, 1® (Qy ai1.;) = 0 and
[7: (11®)]( Qs tait:i) = 1 which contradicts (3.42) (as we have proved that v = u®). O

@ Springer



260 A. De Masi et al.

Part 2

In this part we prove Theorem 3.2, thus we show that there is a constant ¢* such that
the Peierls bounds are satisfied with constant ¢ = ¢*/2 where we say that the Peierls bound
holds with constant c if

[sp(I)]
o

wkie (g ®y < exp{—Bcc2¢ Nr}, Np= (3.44)

for all k, for all bounded contours of color k and for all k-boundary conditions g®.

4 Cut-Off Weights of Contours

As explained in Sects. 11.4 and 11.5 of [10], following the approach of Zahradnik, [11] we
introduce the cutoff contours weights.

Given any k and any k-colored contour I" we are going to define the weight W® (I"|¢) for
any configuration ¢ which is a k-boundary condition for ¢(I") in (4.5) below, the definition
will imply that W® (I"|¢) depends only on the restriction of g to {r € c(I')° : dist(r; ¢(T")) <
2y~ . ForT = (T(1),...,T(n)) € B’j\ we call

n

W' Clgn) =[ [W T @lgn),  Xilgn) =Y W Tlgn) (4.1)

i= k
i=1 LeB)

and for any bounded, simply connected D+)-measurable region A and any k-boundary
condition gxc € X X‘) we introduce the k-cutoff partition function in a region A with b.c. g«
as

Zy(Gne) = / e PHANINIX(D, (g2)v(dgn) 4.2)

(k)
i

With same notation as in (3.4) we then define

J\/—A(k) (T, gery) = /

»

—BH; 2 s -(I'¢ (k)

e P o) Gspim ey )l_[Zint;(F),A(QD}-)v(d‘ID)V(dQSP(F)) (4.3)
Yspr) (1) j=1

p
D)(Lk)(r’ qerye) = / N e~ PHspm) 1 Wsp)ldere) l_[ Zi(:t)j(r),x(qu)v(qu)‘)(dQSp(F)) (4.4)
sp() j=1
All the above quantities depend on the weights {W;k) (T"|ge(rye)} which we define (implicitly)
by introducing first a constant ¢,, > 0 and then setting
(k)
M (T, qC(r)‘f) e—ﬁcw{zl‘iNr } (45)

WO (Clgerye) = min{ ,
DT, gorye)

(4.5) is not a closed formula because the r.h.s. still depends on the weights, however the
contours on the r.h.s. are “smaller” and, by means of an inductive procedure, it is possible
to prove there is a unique choice of W)Ek)(l—‘|qc(r‘)t') such that (4.5) holds for all k, all I' and
all g.(ryc, see Theorem 10.5.1.2 in [10].
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The important point of these definitions is that if the estimate (4.6) below holds, then the
cut-off weights are equal to the true ones. This is the content of the next theorem whose
proof is omitted being completely analogous to Theorem 10.5.2.1 in [10].

Proposition 4.1 Suppose that for any k, any contour T of color k and any k-boundary
conditions q.ryc for c(I'),

W (T lgeqrye) < e Pond T (4.6)

then
W9 (Clgeay) = WE™(Tlg®) 4.7)
We will prove that if ¢,, > 0 is small enough then (4.6) holds for all y correspondingly

small. The main ingredient in the proof of (4.6) is the exponential decay in restricted ensem-
bles proved in [5].

5 Proof of the Peierls Bound

The proof of (4.6) is based on an extension of the classical Pirogov-Sinai strategy, we refer
to Chap. 10 of [10] for general comments and proceed with the main steps of the proof.
Most of it follows from Chap. 11 of [10] and Theorem 3.1 of [5]. Precise quotations will be
given in complementary sections where we will also add proofs to fill in parts not covered
by the above references.

5.1 Energy Estimate

The first step is the following Theorem.

Theorem 5.1 (Energy estimate) There is ¢; > 0 such that the following holds. Given any
¢’ > 0 there is ¢ such that for all A: |, — Ag| < c'y'/2, for all k, for all k-contour T, for all k
boundary conditions q.ryc and for any c,, > 0, the following estimate holds for all y small
enough:

k)

®) p Pl (int; () k)
N (T, geqrye) < ¢ Blerg? =y P —(ar—a_)d)ed Ny 1—[ ¢ lnt_,-(l“%k(xsp(l“)) (5.1)
(k) - I (int ; (1)) (k) (k) ’
Dy (L, geqrye) =1 ePlklint¢ >)Zinl/(F),k(Xsp(F))
where for any bounded D'+ -measurable set Q,
) X . X .
L(Q) = / [em(p®) — e™ (T, x x )] — / M, * x ) (5.2)
Q¢ Q
*) -,k 5.3
XQC (xv S) - /05 erﬁy’]/ZZd ( . )

and p® a minimizer of F;ﬁﬁ, see (1.1).

In classical Pirogov-Sinai models with nearest neighbor interactions the analogue of The-
orem 5.1 follows directly from the extra energy due to presence of the contour, here contours
have a non trivial spatial structure which leads, after a coarse graining a la Lebowitz-Penrose,
to a delicate variational problem.

Theorem 5.1 will be proved in Sect. 6.
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5.2 Surface Corrections to the Pressure

We exploit the arbitrariness of ¢,, in Theorem 5.1 and fix

Ci

=100 54

Cy
such that the first factor on the r.h.s. of (5.1) is consistent with (4.6) but we need a good
control of the ratio of partition functions in (5.1). As typical in the Pirogov-Sinai theory a
necessary requirement comes from demanding that the pressures in the restricted ensembles
are equal to each other, a request which will fix the choice of the chemical potential.

Theorem 5.2 (Equality of pressures) For any chemical potential X € [Ag — 1, g + 1] and
any van Hove sequence A, — R of DY -measurable regions the following limits exist

Jim o 0g Z0) @) =t P, forall ke (L. 5)
n (5.5)
Jm, BIA log ZW " (Gae) =: P

and they are independent of the sequence A, and of the k boundary condition gc. Moreover
there is co > 0 and, for all y > 0 small enough, there is Ag ,, |hg, — Ag| < coy'/? such that

Py = Py = Py, (56)

Theorem 5.2 is proved in Appendix B. The existence of the thermodynamic limits, (5.5),
is not completely standard because there is the additional term given by the weights of
the contours. However the Peierls bounds (automatically satisfied by the cut-off weights)
imply that contours are rare and small and can then be controlled. The equality (5.6) is more
subtle, it is proved by showing that (i) P and P"**"¥ depend continuously on ; (ii) by
a Lebowitz-Penrose argument they are close as y — 0 to the mean field values; (iii) the
difference of the mean field pressures changes sign as A crosses Ag.

By Theorem 5.2 at A = A4, the volume dependence in the ratio (5.1) disappears and to
conclude the estimate we need to prove that the next surface term “is small”. This is the
hardest part of the whole analysis where Theorem 3.1 of [5] enters crucially.

Theorem 5.3 (Surface corrections to the pressure) With c,, > 0 as in (5.4) there are yy and
¢ such that for any y < vy, all bounded D) -measurable A C R andallk € {1,...,S+1}

log{e™ ™M Z0, (k)Y = BIAIP,, | < cy 18, (M) (5.7)
with Ag,, and Py, , as in Theorem 5.2.
Theorem 5.3 is proved in Sect. 8.
5.3 Conclusions
By Theorem 5.3 with A =int;(I"),

I; . (int; (T (kj) (kj) . ’ YRR,
log{e" ™ ZLl o i)} = BInG (DI Py, | < ¢y 8gulin; (D] (5.8)
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logle™ MMz 1 (i)} = Blint (D) Py, | < €'y 3gilint; (D)1 (5.9)

Hence by (5.1)

®)
No (T ger)) _ —perc2ed Np 2oy Ve N =ler /0626 Ny (5.10)
DO (T, goirye) ~ - '

i (U qerye)

the last holding for all y small enough. By (5.4) we have then proved (4.6) and (4.7) yields

Wk (g @)y < o=Fe/2eNe - for o) small enough (5.11)

6 Energy Estimate

The proof of the energy estimate (5.1), is divided into two steps. The first step (Theorem
6.1 below) is the proof that it is possible to reduce to “perfect boundary conditions”, namely
to reduce the analysis to partition functions with “perfect boundary conditions”, i.e. with
boundary conditions p®, one of the minimizers of the mean field free energy functional.
This implies that we can factorize with a negligible error the estimate in int(I") from the one
in sp(I"). The second step in the proof of (5.1) involves a bound on the constrained partition

function in sp(I") which yields the gain factor e=#¢1¢ e
6.1 Reduction to Perfect Boundary Conditions

Without loss of generality we fix k and restrict to contours I' = (sp(I"), nr) with color k and
define regions in c¢(I") as follows. The construction is the same as that used in Chap. 11,
Sect. 11.2.1 of [10] to which we refer.

We denote by int,(I") the maximal connected components A C int(I') such that
O(r; q) = h forall r € 5. [A]. We call

Ap:=8L, e, Ayi=8l,[c(MUAL  Ay:=8[c(D) UA UA,]
C:=10,/8

These are successive corridors that we meet when we move from ¢(I')¢ into sp(I"). In all of
them n = k and the region where 1 # k is far away, by £, — %Lr. When approaching sp(T")
from int, (I") we see:

AP =gt

out

lint, (D)) U 8% [int,(T)], A .=

out

(A1,
h may also be =k

By the definition of contours the above & corridors are in a region where nr = h, and the
distance from where nr # h, is £, — §£+, see Fig. 2.

We then call
B=BYJB®, By=By"|_JB" (6.1)
hs#k h#k
where
BD =APuA?,  BO=APUAPUA UAUA; 6.2)
B =Alnsp),  BY =nU(AY Nsp(I)) (6.3)
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(a) sp()

7

7.

.----7

(c) As, A5

Fig.2 Corridors associated to a contour I". On (a), the support sp(I") appears in grey, its interior having two
components; a small rectangular window is zoomed out in (b), (¢). On (b), the corridors A, Ay, A3 C sp(T")
appear as vertical (black/grey/white) stripes, while the rest of sp(I") appears in hatched lines. On (c), the
corridor A4 appears as two vertical grey stripes running along the boundary of sp(I'), while the corridor A5
appears as two vertical black stripes around Ay
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and finally, letting Ay =, Aflh), As =Y, Agh), we define
A =sp(I)\ (AI UAU(A4N SP(F))), A=A\ (As U(AsN SP(F))) (6.4)

Observe that the points in A interact only with those in By C A€.

After a Lebowitz-Penrose coarse graining in B we will reduce to a variational problem
with the free energy functional F* defined in (6.15) below. We will prove existence and
uniqueness of minimizers and their stability properties concluding that with “negligible er-
ror” we can “eliminate” the corridor By in an*[ sp(I")] which separates int(I") from the rest
of sp(I'), their interaction with By being replaced by an interaction with perfect boundary
conditions.

Given any set Q C R4, any b.c. goc and any measurable set A C Qgq, we call

QQ’A(AMQC):/e—ﬂHQ,A(qszlégc)U(dqQ) (6.5)
A

Theorem 6.1 (Reduction to perfect boundary conditions) There are ¢, ¢’ > 0 such that for

all A: | — Agl < 'y, for all y small enough for any k € {1, ..., S + 1}, any contour

I' = (sp(I"), nr) of color k and any boundary condition q.ry € Xc((kr))(. the following holds.
Recalling (5.3), we call

_ (h) (k)
XBy = ; XB(()m + XB(()") (6.6)

Then, with F* defined in (6.15) below, and A as in (6.4)

®) —BFp . (g)+ey /2Bl (h) )
N (T gerye) < e 707 [1 Zinigy .2 K i)
h

5 ISTIG
X Zapo (Xél) ‘X,;(<}> U qc(F)f)
x Zu s (tn(@ns ) =nr ), ) (6.7)
We first rewrite A(k) (T, geqrye) as follows.

Lemma 6.2 There is a non negative, bounded function ¢ (q.ry\g) whose explicit expression
is given in (6.11) below, which vanishes unless the phase indicator n(r; gc(ry\p) verifies

k ifdist(r, B®) <2y,
n(r; gecrys) = {h i;diStEr, B(”); - 21;71 (6.8)
This function ¢ is such that
N}EIX(F, deryc) = /‘ﬁ(‘]c(r)\B)ZB(k),x (ng,)o |geang U q_c(r)f)
X l_[ Zg(h),x (ngZ) ‘qc(l")\B)d‘)(qc(F)\B) (6.9)

hk
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Proof The argument is the same as Lemma 11.2.2.3 of [10], for the reader convenience we
report it. We drop the dependence on A from the notation.
We call

Ah = int(h)(l") N B¢
and we define

—BH (h)
D1 (qn,) = Linerign, =hvreape ” Ah(th)Xint<h)(l“)(quz)

Recall that XX")A (g4) depends only on the restriction of g4 to A’ where A’ is the set of all r
at distance < y ! from A® = A\ (Sf; [A]. In fact all contours I" which contribute to Xf:,)x (g4)
have spatial support in A°. For this reason we can change arbitrarily g, in the complement
of {r : dist(r, A°) > 2y ~'} leaving unchanged XX')A (g4). Thus

(h) (h)
Xint(h) I) (Clim(,,)(r)) = Xint(h)(F) (th ) (6 10)

because A contains all r : dist(r, int() (I") \(an+ [int,y (T)]) < y~ L
Analogously, calling

Ao=sp(I')\ B
we define
Po(qa,) = 1{n(r;qA0):ﬂr(r),rer)eiﬁHAO(%O)
Since
qe(r\B = 4o Y qa, U qa
hs#k
by setting
0] (l]c<r)\3) = ¢O(qA0)¢k (qu) 1_[ o (L]Ah) (6.11)
h#k
and recalling (6.10), (6.9) becomes an identity. O

We postpone the proof of Theorem 6.1 since it uses a coarse graining in B that reduce to
a minimization problem for the free energy functional that we define in the next subsection.

6.2 Free Energy Functional
The LP (Lebowitz Penrose) free energy functional F*, defined in (6.15) below, is a y ~1/2-
discretization of (1.10).

We start by recalling properties of the mean field free energy proved in [5].

Recalling (1.1), we call F){';f =F g‘i 5 and we observe that the minimizers p®, k =

1,..., 8+ 1 are critical points of F. “;f, namely they satisfy
p® = exp{—ﬂ{zpj,“ - ,\,3”, foralls ={1,..., S} (6.12)
s'#s
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We will denote the common minimum value of Ff;f by
¢=F(p") (6.13)

Furthermore F; ,{‘I‘: is strictly convex, namely there is a constant «* > 0 such that

’ ’ * ’ ]
(v, L%v) = 3 LD, sH(s)v(s) = k7, v), L0680 = g lomy + Lot (6:14)

s,s’

Let A be a D ~""»-measurable bounded region of RY. Given two non negative functions, p
and 5 defined in RY and pw ' )-measurable, we call p, the function equal to p in A and
equal to 0 in A°¢. Analogous definition for pae.
We define
Fi 3 (palpae) = F5,(pa) + 7~ (pa, V*ine),
(6.15)
* —d/2 1 * 1
Fraton) =7 {5 0n. Vi) = 500 Tion) |
where, setting £, =y~ '/2Z4,
s
(o)=Y flx,9glxs) (6.16)
xeLy s=1
and the matrix V* = (V*(x,s,x’,s'),x,x" € £, NA,s,s" €{1,..., S}) is given by
VE(x, 5, %', 8") = 1y, Vy (x, x7) (6.17)
V(e x) =y T y)y 0, (v, ) (6.18)
yeLly
Jy,(x,y) =][c§fl/2’ ][ci,?'/z) J, (r,r"drdr (6.19)

Finally Z; in (6.15) is
Li(pa)(x,8) =S(p(x,8)) = Br,  S(p(x,5)) = —pa(x,s)[logpalx,s) =1  (6.20)

The relation of this functional with the model is given in the Theorem 6.4 below. Let
A be a D“)-measurable bounded region of R?. Recalling the definitions (2.6) and (2.7),
we shorthand n(x, s; q) = n(V_l/z)(x, s;q),and p(x,s;q) = p(V_m)(x, s;q)sefl,..., S},
xekl,.

Definition 6.3 (Space of densities) We call M, , the space of non negative,
D®-measurable functions defined in A C R¢. Thus the elements p, € M A, are actually

functions of finitely many variables, i.e. {p, (x), x € £Z¢ N A}.
Given any u > 0 we denote by

B*(u) = {pA GJ\;lA,y—l/z :][([ | PA Su} (6.21)
ot
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and we call
B(u) :={qa : p(:: qa) € B*w)} (6.22)
Analogously, given any A* C B*(u), we call A ={gx : p(-;qa) € A*}.

Given a configuration gac and recalling the definition of the constrained partition func-
tion given in (6.5), we have:

Theorem 6.4 There is ¢ > 0 such that the following holds. For any p* > max;, max; p§h)
and for any A* C B*(p*)

|08 Zi(Aldas) + B infF, (paldac)| < &v'21A| (6.23)
A

The proof of Theorem 6.4 is the same as the proof of Theorem 11.1.3.3 of [10] and it is
omitted.

In theorem below we state what we need in order to prove (6.7), its proof is postponed to
Sect. 7.

Theorem 6.5 Let I' be a contour of color k and g.ry € Xf(kgy Let B be the set defined in

(6.1). Given any qcqry\p such that n = h in (SZ; [BM], for all h, let G := qorypp Y Gery-

There are positive constants ¢ and w and for all h there are positive functions ,0;(,,) €
~ h
Mg -12 N X;(,),), such that

Phu () =p™, VreB)” (6.24)
and furthermore for all h and all pgm) € ./\;IB(h),y—l/z N ngz) R
F;Ul))u‘} (P 1gearing) = F;anjﬁ (P;(m |Gearns) — ce™ "t (6.25)
6.3 Reduction to Perfect Boundary Conditions, Conclusion
Theorem 6.5 is the main model-dependent estimate needed for the proof of Theorem 6.1 the
others arguments are the same as in Sect. 11.2.2 of [10]. We thus only sketch them.

Going back to (6.9), we first observe that if pzm € ng,),) then pgm € B*(u) (see (6.21))
with u = p™ 4 ¢. Then by Theorem 6.4

tog Zym , (X4 1an) < év"21B®| — B inf Fy 5 (Ppon1Gn) (6.26)

~ no - _ _ .
where we have set Mh = MB(h)’y—l/z N Xl(?(’)')’ dk = qc(m)\B U gc()e and qh = qc(M)\B if h 75 k.

Since the dependence on X in F;UM is given by the term —A fB(") pgw (r)dr, for all A:

A — Al < c'y1/2, we have
|Fpan ; (Ppon lgn) — F;w),xﬁ (pgwlgn) < cy'?B®| (6.27)

Thus from (6.26), (6.27) and Theorem 6.5 we get
tog Z i, (X gy |dn) = e PIBP1 = BF 0, () (6.28)
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Using the formula
Fiup.a(pauslpausy) = Fj, (palpaus)y) + Fg , (0slo@ausy: + pa) (6.29)
setting
B" := (B™\ B{")nsp(I), B := B® nintyy(T), h#k  (6.30)
and using (6.24), we have

(h)
F;(h},)\,ﬂ (P;;(h) lgn) = (X (h)) +F (h) g (le(h) |XBZ()h) + ‘]sp(F)me)

*
(h)
By . hp

+F

;g’),klg (p;yl) |XB(();.) + ‘Iinth(l‘)ﬁBf) (6.31)

By using that |A — Ag| < c/y'/? we replace Ap by A in the last two terms with an error

bounded by ¢y '/?|B| and then use Theorem 6.4 “backwards” to reconstruct partition func-
tions. We then have

_IBF;(h))L,B (PZ(h)V_Ih)
= * h
=&"IBP1=BFy0 , (tm)
+log ZB{h) )L(X i |XB(h) U gsprya) log ZB(II) A(X( 0 |XB(h) U Gint,y (mnBe )
_ 2, 12(gW | _ g ,
=cy '7|B™| 'BFBX’)A,A,S (XB(()h)) + log thh,A(XBéh)) (6.32)

Since an analogous bound holds for —8 F B(k> s (,o;(k> lgx), we then get (6.7) from (6.9) and
from (6.11) thus proving Theorem 6.1.

6.4 Reduction to Uniformly Bounded Densities

The main step to conclude the proof of the energy estimate, is to bound the last term in (6.7),
namely ZA.A({n(qA; ) =nr()}xs,) with A as in (6.4). Also here we use coarse graining,
but since the number of particles is not bounded we cannot apply directly Theorem 6.4. The
same difficulty is present in the LMP model and the arguments used there can be straight-
forwardly adapted to the present contest. The outcome is Theorem 6.6 below which is the
same as Proposition 11.3.0.1 of [10] to which we refer for proofs.

We need some definitions. Let py,ax be a positive number such that

(Szd eﬂk)iz "
108 pmax > BI1 +4p)s  pman > maxmaxp® +¢, Y <e W Pm%(6.33)
! ’ ﬂZﬂmax(i "
1 K* .
<—, «*asin(6.14) (6.34)
32Bpmax — 16

For any p, € /\F/‘IA,y—l/Z, recalling (6.4) we call

Colpa. §/2. A) ={C{7 C A 0> (pp1 x) = 0)
No(pa,¢/2, N') =1Co(pa, £ /2, AD)
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We also call C.(pa, £/2, A’) the collection of all pairs of cubes (Cy,, Cx,) both in D¢ and
such that C,, C A, i =1,2, C; N Cy, # B, /> (pp;x;) = ki, i = 1,2, ki # ko. We
require that C(pa, {/2, A’) must be maximal, namely any pair (Cxi , Cxé) that verify the
same property must have at least one among C«Vi and Cxé appearing in C(pa, £/2, A'). We
denote by N(pa,¢/2, A’) the number of cubes (cubes not pairs of cubes!) appearing in

C#(IOAs §/27 A/)

Theorem 6.6 Let pn.x be as in (6.33) and (6.34). There is ¢ > 0 such that for all y small
enough and for all A such that |» — Ag| < cy'/2.

log Za s ({(n(qa; ) = nr ()} xs,)

<—minfmel 45 il FL Gali)| e IAL 639)

m=0 PAEG2m (Pmax)

where, recalling (2.16),

G (Pmax) == [pA € -/\;IA_)/—I/2 1A (X, 8) < Pmax, VX €A N Vﬁl/de, Vs and

N(;(IOA’ 4/2» A/) + N;&(p/\a ;/2» A/) Z

—d _
w} (6.36)

6.5 Free Energy Cost of Contours with Perfect Boundary Conditions

The main result in this section is Theorem 6.8 below which gives a bound of the inf on the
right hand side of (6.35). This estimate is the same as the one given in Theorem 11.3.2.1 of
[10] to which we refer for proofs.

In the sequel €2 denotes a bounded, connected D ™)-measurable region such that its
complement is the union of p > 1 (maximally connected) components €2, ..., €2, at mutual
distance > ! (such that they do not interact): Q¢ = ?_, . The boundary conditions
are chosen by fixing arbitrarily k; € {1,..., S+ 1},i =1,..., p, and setting p*’ on Q;,
analogously to (5.3) we will denote for any s € {1, ..., S},

p
k (kj) (k;) (kj)
X )= "xo) (9, xg] ) =p" ey, k=, k) (637)
j=1
The reason why the region 2 is DY )-measurable is that we are going to use Theo-

rem 6.8 with Q = A, A asin (6.4).
Recalling (1.7) we set for any given ¥,

I
MW s) =L (x,s) — Elﬁ(x, s)[log ¥ (x,s) — 1] (6.38)
so that recalling (1.1),

(f™@), 1o) = Z Fg_liﬁ(R(x, D,...,R(x,S)) (6.39)

xeQNLy

Given a kernel K (x, y), x, y € y~'/2Z¢, we denote by
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Kxyr(x,) =y~ > K@x.y)y(.s) (6.40)
yey—1/2zd
as a consequence
Jyx1=1 (6.41)

With this notation, we the following holds.

Lemma 6.7 Let Q@ C R? and ngr as above. Let pg be any DV~ ) _measurable function.
Letting

R=1J, % (pa + xy) (6.42)
we get
g, (0alxg) = v P{F i + F, + F) (6.43)
where (recall (6.16)),

Fi=(f"MR).1g), F= ﬁ(S(m Y *S(pa + xe0): 1)

~ 1 ~
Fy = (f™R) = ™, * Xae), Loc) + E(S(R) —Jy #S(pa + xac), lac)  (6.44)
N 1 N N
— (fmf(Jy * XQc), IQ) — E(S(Jy * Xqc) — Jy *S(xqc), 1)
Finally

P
=) 1,(Q.) (6.45)
i=1

Proof Recalling (6.20) and (1.7) we rewrite (6.15) as follows:
* (k) —d/2 mf (k) 1
Fiag ol = v (@ R) ], % x5 1) = 2 (Stoa) D) 640)
By adding and subtracting —8~!'(S(R), 1), we then have
i 1
Faay el =y (7R, 1) = (€5 xs)). 1)+ 5 (SR =800, | (6:47)
We add and subtract —8~'S (J * X )} to the second term in (6.47) and we add and sub-
tract (S(X ) 1) to the last term. We also use that by (6.41), for any v, (J *xS(), 1) =

SW),1). We thus get (6.43).
F3=)._F ( , Where F(

F3(i) = (fmf(R) - fmf(fy * x9;)s 1o, ) SR) = Jy #S(pa + xa:) 1oy )

ﬁ(

~ 1 N ~
— (™, * xe,). 1) — E(S(Jy * xo,) — Jy * S(xg,). 1)
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where xq, = chi)’ see (6.37). By convexity the second sum in the definition of F;i) is non

negative. Also the first term is bounded from below by replacing R by p*”, such that
F{ = (™% — ™y % 4 dae) = (™ Uy # xo). 1g)
1 A _ R
— (80U, = X6 = Jy x S(xa), 1)

All the entropy terms cancel with each other, so we get (6.45). g

Given a function p defined in 2 x {1, ..., S} and D(V_l)—measurable, let No(p,¢/2,2)
and N.(p, ¢/2, 2) be the numbers defined in Sect. 6.4.

Theorem 6.8 Let ¢; be such that 4¢;3% = {32Bpmax} ™" With pmax as in Theorem 6.6. For
any Q C R¢, Xéf) and pg as in Lemma 6.7, if sup,  pa(x,$) < Pmax, then

5o, (polxsd) = o191+~ ijlki(sz, Q) +2-3%i[No(pg, £/2, )
i=1
+ Nx(pa, £/2, 170! (6.48)
where ¢ is defined in (6.13) and
L, (2. 20 = (10 (0%) = el(J, % x50 1e, ) = (€05, x5, 10)  (649)
The proof is the same as the one of Theorem 11.3.2.1 of [10] and thus is omitted.

6.6 Energy Estimate, Conclusion

In this subsection we conclude the proof of Theorem 5.1, the arguments we use are taken
from Sect. 11.3.3 of [10].
By (6.35) and (6.48) there is a constant ¢ such that

log 2A.A,g,,, ({’I(QA; )= 771“(')}|X30)

374Ny —2m
< —ﬂ(¢|A| + Y Ii(A; BYY) +glig{mzi% +2. 3%%:%})
- >

+cy'lsp(D)]
For all y small enough (recall that ¢ = y), the min is achieved at m = 0 such that (3¢ > 1),
108 Za 5, ({n(qA; )= nr(-)}IXBO)
< —B(SIA1+ Y Tu(As BY) + e Neg?el ) + ey Plsp) (6.50)

h
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which inserted in (6.7) yields with a new constant c:

(k) —Bey Nre2ed +ey ' 2)sp(D)| (h) (h)
'/\/A (T, gerye) < e Be1Nr¢ cy /7|sp | | Zint(h)(r))~)~(XB(()h))
h

5 k
XZn i (Xél) Xy + qc(F)f)
0

o o P Fhoy B +HIAHE 1, (A:B{))

(6.51)

Since Fj, ;. (Xs,) = > F*

(h)
we have
B(()h),xﬁ (XB(()Iz))’

Firo iy O89) = 1Bol = Le(Ar; By”) = D [Tn(A; B”) = Ty (int, (1); B™)]
h

therefore the exponent in the last term of (6.51) becomes

~B(AIAUBol — (Ar; BY) = Y Lu(intu(T); B))
h

Going backwards we write
GIA U Bol = Fiupg, », (XAUs,) + T (A1 BS') + L(int(T); Bo)
thus after some cancelations

) B B Gng, (D) B
Zint(h)(r),)h(XB(()h))e h h 0

NI, goqrye) < KePaNre e eI
& ’ - Z(k) ( (k) ) ﬂlk(inth(r);B(()h))
h#k Ling, (), XB(()h) e
. &) (k)
K :=Z (r),)L(X )

inty B(()k>

* (k)
k) *) \ 5 k)|, k ~BFxUBy.x5 XaUB,)
X | | Zimh(r),x(XB(()h))ZAl,x(XAI }XB(()]() +61c(r)6>€ Uho-ks AR (6.52)
h:hsk

Let p = [p®], [p®] be the element of {y?/?n,n € N} closest to p® and let B = {gaus, :
o A gaus,) = [p®1}. Then for all A such that [A — Ag| < cy'/?,

(k)
—BFAuBy.2s (XaUB,) 5 cy /2| AUBy|
e 0-4p 0" < Zpuy.r (B)e” 0

Let g be any configuration in A U Bék) such that ,o(V*l/z)(-; q) = [p®], then

a2 B(()k) |

(k) (k) (k) =\, CY
Zimk(r),/\(XBék)) = Zimk(r),x(‘Z)e(

Analogous bounds hold for the other partition functions such that K is bounded by
K < e " OIDIT g o) (6.53)

From (6.52) and (6.53), (5.1) follows with ¢; as in Theorem 6.8. O
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7 Critical Points and Minimizers in a Pure Phase

In this section we prove Theorem 6.5, by analyzing a variational problem for the free energy
functional. We need a similar result in Sect. 8 in the proof of Theorem 5.3 for an interpolated
functional. We thus state the result in a way that includes both cases.

We study the variational problem

min fa.(pas Pac),  Pac € X\, refo, 1] (7.1)

PAEX )

where, recalling (6.20),

1
fA,,<pA;5Ac)=er,Aﬁ<pA|ﬁAc>+(1—t)[h(pA)—EZ > Steatesn] 72

s xeAny—d/2zd

where F* is defined in (6.15) and

hon) =Y =apy ™7 3" eatrs), rP =3 o (7.3)

xeAny—d4/2zd s'#s

We prove that away from A° the minimizer is exponentially close to p®. The constraint
pr EX ® namely 1(-; pa) =k, is essential as it localizes the problem in a neighborhood of
the (stable) minimum where it is possible to prove that the critical points, i.e. the solutions
of the Euler-Lagrange equations, converge exponentially to p®.

Thus in this section we prove the following result.

Theorem 7.1 Let A be a DY+ -measurable set and let pac € XI(\/Z). Then, for any t € [0, 1],

there is a unique minimizer p € X, 1(\k> of the variational problem (7.1). Furthermore there
are ¢ and ® both positive such that

|oa(r,s) — ps(k)| <ce 7NN gndalls €{1,..., Sy and all r € A (7.4)

Observe that Theorem 6.5 is a corollary of the above Theorem for t = 1.

In Sect. 5 of [5] we have studied a similar variational problem but there the constraint
was on the single variable pp € X /(\k) because the functional considered there had as main
term the Lebowitz-Penrose free energy on the scale ¢_. Here we have a “simpler” functional
but we have to face the new problem of controlling the fluctuations of p, from its average
on cubes of site £_.

7.1 Extra Notation and Definitions

In this section we will use both the lattices y ~'/2Z¢ and £_Z¢. We thus define the following.

e 'H, denotes the Euclidean space of vectors u = (u(x, s), x € ANLZY, s € {1,...,S}) with
the usual scalar product

s
(u,v), = Z Zu(x,s)v(y,s).

xeANezd s=1

For £ = y~!/2 we simply write (-, -).
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e For any x € y~2Z¢ we denote by z, € £_Z4 the point such that x € C{*~. For u =
w(y,s),yey 1274, se{l,...,S}) welet

—d)2

1z

4

Av(u; x,s) =

> u@.s) (7.5)

(S
yeCyny-12z2d

and we observe that
XL ={pn: |Av(pas x,8) — pP| < ¢, forallx ey 224, s =1,....S}  (7.6)

e We fix a D“)-measurable region A and ¢ € [0, 1] and omitting the dependence on A
and ¢, we rewrite the functional (7.1) as follows. Notice that there are two equal entropy
terms: one in F* multiplied by ¢ and the other, explicitly written on the r.h.s. of (7.2),
multiplied by 1 — 7. The same holds for the terms multiplied by A4. Calling r©) the vector
with components ) as in (7.3), we have

1 A 1
f(oa; pac) = E(K)Av V5 pa) + (pas Vyipae) + (1 = 1) (14, r®pn) — E(lA,I(pA))

(1.7)

where (u, v) = (1, v),-112,

Vi s, x 8 = e Vs (x,x), x,x ey 220

. . X (7.8)

V. (x,x") = ty 42 Z Jy (x, y)yfd/zJ}, (v,x")

yey—1/274

J,, as in (6.19) and

Z(pa)(x,5) = =pax, ) log pa x,5) = 1 = By (7.9)

e We call J_y the kernel obtained by averaging over the cubes of D) while fy is over those
of DY thus

Jy (22, 2y) :][Cx)][@f») J,(r,rYdrdr', x,yey 7! (7.10)
We also define
Vo @z =t / Tz )T (r, 2y)dr 7.11)
Observe that there is ¢; > 0 such that
VD (zer 20) = Vs e L < 1Py D () (7.12)

o We introduce a e-relaxed constraint

-1
f=r+Y X (avonx =100+

s xeAny-1/2zd

+{(Av(pas x,8) = [0V = £D-}*)
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where (@), =al,~g, (a)- =al,¢and p, € W(k),

WX‘) = [pA D |Av(pa; x, ) —pj(k)l <b,xeAN y‘l/de,s IS {1,...,S}},

1
b= = min || 0% — pk2)
5 min 0% = 2l
b is such that W N {p®, ... pStDy = p® and W "W = gif k, # k.

e We denote by p4 . and p, the minimizers of f; in WX‘) and of f in WX().
e For any D) _measurable function ¥ (p), we denote by

oy
Ip(x,s)’

DA¢=[ xey—l/zzdmA,se{l,...,S}] (7.13)

We say that a D™ _measurable function pa is a critical point of f, respectively f, if
D fe(pa) =0, respectively Dy f(pa) =0.

7.2 Point-Wise Estimates

In this subsection we prove some a-priori bounds on the fluctuations of the minimizers g, .
and p, from their averages.
We start from the latter proving the following result.

Proposition 7.2 Let A be a DY) -measurable set and let pac € X 1(\]? There is c* such that
for all y small enough the following holds.
(i) Let C C A any D) cube. Let PAaC € XI(\k\)C and denote by pcec = (pa\c, pac)- If pc is
a minimizer of f (-; pce) in Xék) then |pc(x,s) — ,os(k>| <c*¢ forallx e CNy~1274,
(i) If pa € XL minimizes f(-: pac) then |pa(x,s) — p®| < ¢*¢ forall x € ANy~ 274,

We postpone the proof of Proposition 7.2 giving first some preliminary lemmas.
For any = (i1, ..., s) € [—1,1]1% and any T € [0, 1] for C and j¢e as in (i) of Propo-
sition 7.2, we let

T
8u(pcs pee, 1) = 2 (pe, Vype) + (pe. Vy pce)

1
+1=0)¢, r%pc) - E(lc,f(pc)) — (pc, 1) (7.14)

where
(e, )= Y pclx,s)

s xeCﬂy’l/ZZd

We regard g, as a function of pc = {pc(x,s) >0,x € CNy~127Z¢ s e{l,...,S}}. ps has
the interpretation of a chemical potential for the species s, T is an auxiliary parameter, we
will eventually set T = 1, in which case g, (oc; pce, 1) := f(pc, pce) — (pc, 1).

We let

Y=Y Y V)b, xecny 'z (7.15)

s'#s x'eceny—1/2zd
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and define the map T}, on {p¢ : pc(x, s) > 0} by setting for x € C Ny ~1/274

(o)) =exp|=B(r Y] D0 Vulr ¥)pc@s) + (x)

s's weceny—1127d

g — s+ (1= t)rX("))} (1.16)

Lemma 7.3 There is vy such that for all y < yy and all u € [—1,115, g, has a unique
minimizer pc(-; w, T). Furthermore for all i and t,

polx,s;u,7) <ePUtHI  yeCny V274 se(l,...,8) (7.17)

Proof Since {g, <n} are compact for any n > 0 and g,, is smooth, then g, has a minimum.
Any minimizer (which is strictly positive because of the entropy term in g,,) is also a critical
point, namely a fixed point of the map 7),, such that recalling (7.16),

et =expf-B(z Y Y VG x)pee's)

s'#s x'eceny—1/27d

+1//(x,s)—x,g—Ms+(1—r)r;’<>)} (7.18)

Since pc(x,s) >0, ¥(x,s) > 0,7 <1 and rs(k) > 0, then (7.17) holds for any minimizer.
Thus any minimizer belongs to the set O = {p¢ : pc(x, s) € [0, e#*+D]} and O is invariant
under 7,,. Moreover, for any x € C N y’l/ 274,

d(Tupc)(x,s) * ‘s

BOg+D) . d ~d)2
< pe c
dpc(x’, s") =f vy

such that

[(Tp{)(x,5) — (Tupe) (x, $)| < (ﬂeﬁ<*ﬂ+1>cyd/2) max  [pl(x,s) — pe(x,s)]|

s,xeCny—1/2z7d

For y small enough, Bef*#+D ¢y /2 < 1 such that T, is a contraction and the fixed point is
unique. ]

Lemma 7.4 There is ¢ > 0 such that for all y small enough and with pc(-; i, T) as in
Lemma 7.3,

ot < Pc(x,s; 1, 1) < ¢ (7.19)
- ps(k) gﬁﬂ:
Proof Recalling the definition (7.11) we use the estimate (7.12) to replace V,, with V.

Thus, recalling the definition of i in (7.15), since pce € Xékc) there are ¢, and c3 positive
such that (below we shorthand y € C for y € C Ny ~1/2Z%)
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22 V@ ey s’ i 1) + (. 9)

s'#s yeC
>y )=ty [pY —tl—ayt)=ud — (S =i —caye)
s'#s

and by (7.17),

DO eV he. s i T) + Y (x, 5)

s'#s yeC

<t[r® + (S = D21+ eyt + ea(y L)

Recalling that p* = exp{—B[r"’ — 141}, we then obtain (7.19) from (7.18) and (6.12) for
y small enough. ]

In the next lemma we prove that the minimizer pc (-; u, t) is smooth.

Lemma 7.5 p¢(; i1, T) is a smooth function of u € [—1, 115 and t € [0, 1] (derivatives of
all orders exist) and there is a constant ¢ such that

aﬁc(x7 S5 M, f)
Oy
‘ dpc(x, 851, T)

<cyl), s'#s (1.20)

0pc(x,8; U, T
> Bebts ) _ e, ‘ ocl ", T)

8““5’

<c(ye)! (7.21)
k4

Proof The minimizer pc(x,s; u) is implicitly defined by the critical point equation
08u/9pc(x,s) =0, see (7.18). Thus we call

Glp,uw)=p—Tup
and we observe that

3G (p, W', s")

=Ax,s,x,s), x,x’eCcny 2zl
op(x,s) p=pc (-,1,T)

where
A(x,5,x',8") = L =rsn + Bhc(x, 53 1, TITV) (x, 5, X', 8) (7.22)
By (7.17) this is a positive definite matrix and by the definition of f/y,,*
A7 G, s, 5, 8") = Ve on| Scye), x,x'eCcny 2z (7.23)

By the implicit function theorem we then conclude that the function p¢ (-, u, ), such that
G(pc, w) =0 is differentiable and its derivative verifies

;N 0Pcx s )
Y A x ) = Bpe(x s )

x'eCny~1/2zd a,LLS
Thus from (7.19) and (7.23) we get (7.20).
Same argument applies for the derivative 3¢ (x, s; i, t)/0t. a
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‘We next define
~12

l_

d
Ry(1,7) 1= (V ) > bctsino (7.24)
xey~12zdnC
Since C € D“~), the number of cubes in D> contained in C are (ﬁ)d, thus R, (i, 7)
is the average density of the species s when the chemical potential is p. Our purpose is
to prove that for any b = (by, ..., bs), b, € [p® — ¢, p® +¢],5s =1,..., S, there is u €
[—1, 17° such that

R(u,)=b,, s=1,...,S (7.25)

Lemma 7.6 For any b, € [p® — ¢, p® +¢1, s € {1,..., S}, (7.25) has a solution p €
[—1, 1% and there is a constant c such that for all s, || < ct.

Proof We fix a vector by € [p® — ¢, p® +¢], 5 € {1,..., S}, and we first observe that the
equation R;(u,0) = by has obviously a solution p*(0), which, recalling (7.18), is obtained
by solving

—12\d
4 _ a0 — (1) ®
( A ) 2 : e B xs) =g —ps (0)—(1=D)ry = b,

xey~12zdnC

and by the same arguments used in the proof of Lemma 7.4, |u*(0)| < c¢.
We then for look for a function w(t), t € [0, 1] such that

Ri(u(r), 1) =bs, s=1,...,8 (7.26)

By differentiating the above equation we get the following Cauchy problem for p(7):

Z OR;(u(r), ) dpy(t) 3R (u(r), 1)
- ALy dr at ’

)

w(0) = pu*(0) (7.27)

By (7.20) the S x S matrix {dR;(u(7), T)/duy,s, s’ =1,..., S} has diagonal elements

OR, (1. 7) _

Be P p® —c¢ (7.28)
s

while the non diagonal elements are bounded by

PR e 729

ks

Thus (for y small) the matrix {9 R;(u(7), t)/duy,s,s"=1,..., S} is positive definite and
invertible and depends smoothly on p. As a consequence the Cauchy problem (7.27) has a
unique solution and since by (7.21)

<c(yl_,) (7.30)

IR (1, T)
ot

the solution () satisfies the bound |, (7)| < c¢¢ for all s. O
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‘We now have all the ingredients for the proof of Proposition 7.2 stated at the beginning
of this subsection.

Proof of Proposition 7.2 (i) Let p¢c € Xék) be a minimizer of f(-; pcc) and call

y—1/2 d
bs=(Z ) > hes) (7.31)

xey—127dncC

Since pc € Xék) (see (7.6)), by is as in Lemma 7.6 and therefore, for  small enough, there
is = (us,s=1,...,8) such that

—1/2\d
(V > Z pc(x,s5u, 1)=by, s=1,...,§ (7.32)

0_
xey~12zdncC

Then writing f(pc) for f(oc; pce) and using (7.31),

A . e
f(oc) = gulpc; ) + = Zﬂsbs
s=1

and using (7.32)

(A
FPe) = Flhe i 1) = gulPel . D D+ o > bt
s=1

Hence g, (pc) < g,(pc(; . 1)) and since by Lemma 7.3 the minimizer is unique we get
that pc = pc(-; i, 1). On the other hand by (7.19), there is ¢* such that for all y small

enough, | (x, s 11, 1) — pl)| < ¢ forall x € C Ny~ 1274,

(ii) Let g € X" be a minimizer of f(-; pac) and let C C A be a D~ cube. We write
P = (Pc, Parc) and we prove that p¢c € Xék) minimizes f(-; pa\c)- In fact

F(0as pac) = f(Pare; pac) + f(Pc; Pare)

and if pc were not a minimizer than for any minimizer pg, calling o3 = (fa\c, OF), We
would have

F(Oas Pac) > f(Parc: Pac) + F(OE; Pave) > (P4 pac)
and this would be a contradiction. Thus p¢ is a minimizer and by (i) |04 (x, s) — ,oik)l <c*¢,
x € CNy~12Z4 The proof of (ii) then follows from the arbitrariness of C C A. O

We will next consider € > 0 and start by proving the analogue of Lemma 5.2 of [5]:

Lemma 7.7 There is a constant ¢ > 0 such that for all € > 0 small enough any minimizer
Parc € WX() of fe is also a critical point and for all x € A,andalls =1, ..., S

X ) d/4
[AV(pac; x,8) = pP| < ¢ + c{ <y—T/2) logy ™' }e”“ (7.33)
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Proof We denote by

Y(on) =Y {(AV(pr; x,8) — [0 + Do} + ((AV(pa; x, ) — [p — ¢}

ieA

Then for all p, € W(k),
Lo _ PO 1
TV (0re) = f(pa; pac) = f(Pae; Pac) + =¥ (oa)
4e 4e
. . k
and since v vanishes on Xf\ )

1
4—W(;5A4,e) < inf f(pa; Pac) — f(Pa.e; Pac)
€ *)

PAEX

and, calling ¢’ = minpAex}\k) F(oa; pac), @ = minp,\ewj\") f(pa; pac) we have

{(AV(Pae; %, 8) = [Pp® + D +{AV(Pa s X, 8) — [pP — e} <de(¢' —¢") (7.34)

Let

d

¢
R =max(p® +¢), ¢ >0 suchthat |p~'"2ZINA|<( 3/2 (7.35)
s )/7

Given x, y € y~'/2Z¢ we denote by z,, € £_Z? the point such that x € C Z(f’) and analogously

7y € ¢_7%is such that y € Cz(f’)‘ Then for V],(ﬁ’) as in (7.11), there is a constant ¢ such that

Vyu(x, ) <cVy (zan 2y) (7.36)

Observe that

DoY) manelogeate,) =Y > Vi xlpalogpal(ze)

s xeAny~1/2zd s xeAny—1/2zd

Thus by Jensen inequality,

DD patelogeatns) <Y D Ve wpaloglVyl x pal(ze)

s xeAny~1/2zd s xeAny~l1/2zd
Then, from (7.35) we get that for all p, € X®,
Sc'td Ret R¢4
Yo D pale9)logpalx,s) < T AT

N xEAﬂy_l/ZZ‘l

(7.37)

By using (7.36) we then get

’ () _) = SC/ei Rﬁ‘f Ré‘i
¢ S C(,OA, V}/,I pA) + C(pA’ Vy,[ pAC) + ﬂﬂi y*d/z log yid/z

/pd

Ly
+(1—;*+1+xﬂ)RSy_d/2
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d d

L4
2 1
<cc - d/zSR +C d/zlogy

. o4 Bi, .
An upper bound for ¢” is ¢” > %S%. Thus there is ¢ such that
0

Ed
¢ —¢" < C,,_—Z/z logy ™! (7.38)

From (7.34) and (7.38), (7.33) follows.
From (7.33) and by choosing € so small that ¢ + ¢{(— 71/2 Y4 logy~}el/* < 2¢ < b, we

conclude that the minimizer is in the interior of Wﬁ\) and thus is a critical point. d

Proposition 7.8 There is c¢* such that for any y > 0 small enough, for all € > 0 small
enough (depending on y), if pa . minimizes fe in WX‘) then

1pac(x,s) —p®P|<c*¢, forallxeA,s=1,....8 (7.39)

Proof By Lemma 7.7 given any y if € is small enough, then p, . is a critical point, namely
it satisfy the following equation.

log ppe(x,s)
=Bt X Vsl hacn ) U0 ) = Ay — g+ (1= 0r)

s'#s yeAny —1/2z4
1 A (k) 3 A (k) 3
+ o AAV(Dae X, 9) = Lo + I H{AV(On s x.8) = I = £} (7.40)

where

Y, )=Y D V(6 )eac(y,s)

s'#s yeAny—1/27d

Let C C A a D) cube and let x,y € C. Then Av(pa.c;x) = Av(Pa.c; y) and from
(7.40) we get

[log pn.e(x,$) —1ogpnc (3O < Y D IVyu(x,2) = Vs (3, Dlhac(z s")

s"#s zeAny—1/274d
We use (7.12) and we get
|log pa.c(x,s) —log pa.c (v, )| < c(ylo) = cy™
Thus for all x € A Ny ~1/274

1pae(x,s) — pP| < lpne(x,s) — AV(Pa.e: X, )| + |AV(Pa.e; x, 8) — pP| < 'y +2¢
(7.41)

where we have used (7.33) and the fact that for all € small enough, c{( =7 Y4 logy~l1el/4
<. O
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Lemma 7.9 p, . converges by subsequences and any limit point p, is a minimizer of f
RT)
in X,".

Proof The proof is exactly the same as that of Lemma 5.3 in [5]. Compactness implies
convergence by subsequences and by (7.39) any limiting point is in Xf\k). Since for any p, €
X,(\k) f(oa) = fe(pa) = fe(Da.c), by taking the limit € — 0 along a subsequence converging
to some Py, we get f(oa) > f(0a), thus p, is a minimizer. O

7.3 Convexity and Uniqueness

In this subsection we prove convexity of f and f, and from this we will deduce the unique-
ness of their minimizers.

Theorem 7.10 Given any b > 2 and k € (0, k™) (k* as in (6.14)), for all y small enough
the following holds. Let p, € X,(\k) and |pp(x,s) — ,ox(k)l < b forall x e AN y~1274,
sef{l,..., S}, then the matrix B := Df\f(pA; 0ac)s Pac € XI(\I?, is strictly positive:

(u, Bu) > k(u,u), forallueH (7.42)
Same statements holds for B, := Df\ fe(oa; pac), € > 0.

Proof The proof is analogous to that of Theorem 5.5 in [5] for completeness we sketch it.
We will prove the theorem only in the case € = 0. Denoting by p,' below the diagonal
matrix with entries pa (x, s) !

1
(u, Bu) = (u, V;,u) + E(u, pxlu)

Extend u and B as equal to 0 outside A and set

U(x,s):y_"/2 Z fy(x,y)u(y,s), xey‘l/ZZd

yey—1/27d
Then, by (7.8) and using that JA,, is symmetric,

w,Buy=Y" > U UK s)+ é(u, ox'u)

s#s' xey—1/27d

{Z > UG UG, s)—i—Z 3 [p(k>(s) *]U(x,s)z}

s#s' xey—1/27d ey—1/27d

* 2 1 —1
_Z Z [ (k) 1|U(x,s) +E(u,pA i)

s xey—1/27d

By (6.14) the curly bracket is non negative as well as [1/80%® (s) — «*]. Since, by Cauchy
Schwartz inequality, for each s

Z U(x,s)2§ Z u(x,s)2

xey—1/27d xey—1/27d
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then
1 * 2 1 *
X % g ]oesrs (e[ gm <)
Thus
(u, Bu) > (u, [c* + (Bpa) ™" = (Bp™) " 1u)
and (7.42) is proved. O

A minimizer p, of f is not necessary a solution of D, f = 0. However a property anal-
ogous to the one states in Lemma 5.4 of [5] holds.

Lemma 7.11 Any minimizer pa of {f(pa; Pac), pa € XI(\k)}, is “a critical point” in the
sense:

o Iffor some (x,s),x € A,s=1,..., S, |Av(pp; x,5) — ps(k)l < ¢ (strictly!), then

f (Pa; Pac)

——(y,5)=0, forallyeC!):s'=s (7.43)
apa(y,s’) !

o [finstead Av(py; x, ) = ps(k) + ¢, then for all & with positive average, i.e. Av(E; x,s) > 0

Z S(y)M(y, s) <0, respectively >0 (7.44)
9pa(y, )

(

e ny,—1/27d
yeC,,ny~127

while for all & with null average, i.e. Av(§; x,s) =0

0 3 5 OAc
Y s L) g (7.45)
C(['f) aPA(y’S)
yeCy,

ny-1/27d

The following holds.

Theorem 7.12 Given any b > 2 and « € (0,«*) («* as in (6.14)) for all y and € small
enough, as well as for € = 0 the following holds. Let py . be either a minimizer of
{fe(pa, Pac), pa € WXC)} or, if € =0, a “critical point” (in the sense of Lemma 7.11) sat-
isfying the inequality |pa(x,s) — p®| < b¢ forall (x,s),x e ANy V274 se({l,...,S}.
Then for any pp such that |p(x,s) — ps(k)| < bt forall (x,s) as above,

_ A = K N ~
Je(oas Pac) = fe(Pa; pac) + E(pA — Paes PA — Pae),  both for e >0 and fore =0
(7.46)

Proof The proofs is the same as the one of Theorem 5.6 in [5]. Given any p, as in the
statement of the theorem, we interpolate by setting pa (0) = 60pp + (1 — 0)pa e, 6 € [0, 1],
then with f (6) := fe (0r.£(0); pac)

1
ﬂm—ﬂ®=/(ML@mwﬁmﬂ9
0
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1 po
= / f (Dife(g/)[pA - 151\,6]7 PA — fsA,e) dg/de + (DAfe(O)’ PA — laA,e)
0 JO

Since pp . is a minimizer, then (Dj f.(0), po — pa.c) > 0. This is immediate in the case
€ > 0, while it follows from Lemma 7.11 applied to &€ = py — 0, in the case € = 0. Hence
(7.46) follows from Theorem 7.10. O

As shown in [5], an immediate consequence of Theorem 7.12 is:

Corollary 7.13 For any y and € > 0 small enough the minimizer of f. is unique, same
holds at € =0 for f. For € > 0 (and small enough) there is a unique critical point in the
space {|px — p®| < 2¢}; such a critical point minimizes f.. Analogously, when € =0 there
is a unique critical point in the sense of Lemma 7.11. Such a critical point minimizes f. The
minimizer of fe, € > 0, converges as € — 0 to the minimizer of f.

7.4 Exponential Decay

Proposition 7.14 For all € > 0 small enough, the minimizer of { f.(pa; p®1¢), pa € W(,f)}
is p®1, which is also the minimizer of { f (oa; p® 1), pa € X,(\k)}.

Proof Casee =0.If Dy f(pp; p®15c) =0, thenforallx e ANy~ 2Z4 ands e {1, ..., S}

pa(x,s) = eXp{—ﬂ[Z D Ve, s) —hg— (1 - r)r;“H

e _\:eyfl/ZZd

where p(x, s) on the r.h.s. is equal to pa (x,s) if x € ANy~ Y2Z7 and to p® if x € A°N
y~Y/2Z4 . The function p, (x, s) = p® solves the above equation and by Corollary 7.13 it is
unique and the only minimizer of { f(pa; p®14c), pa € X}

Case € > 0 and small. Being a critical point of £, as well, p®1, is by Corollary 7.13
also a minimizer of f. O

Theorem 7.15 There are w > 0 and ¢ > 0 such that for all y small enough the minimizer
Pa of Lf (0a; Pac), pa € XN} satisfies

1pa(x,8) = pP| < cy P WAy e ANy TVPZY, s €L, ..., 8} (147)

Proof By Proposition 7.14, p®1, is the minimizer of f.(-; p¥1,¢) (both for € > 0 and for
€ = 0) thus the difference pa (x,s5) — p®, x € ANy ~1/2Z¢, can be seen as the difference
of two minimizers relative to two different boundary conditions and we can then proceed as
in the proof of Theorem 5.9 of [5]. However the proof is different: the complication comes
from the fact that the constraint is here on the averages and not on the elementary variables
pa(x,s) as it was in [5]. Thus the strategy of the proof of (7.47) is to reduce to the case
already treated in [5].
Define for 6 € [0, 1],

P8 =0pp + (1 —0)pP1, (7.48)

and call pp (x,s5;60), x € AN y 17274 the minimizer of f.(ox; ,51@) (both for € > 0 and
for € = 0). The same argument used in the proof of Theorem 5.9 of [5] shows that p, (-; 6)
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is differentiable in 6 such that

Y1dpyc(x,s;0
1 x,5) — o] < lim / | o200 4 (7.49)
e—>0 0 d@
We now estimate |M| uniformly in € and 6 and this will give (7.47).
Shorthand
dpp(;0) d A
:17, :——D € € ‘;0 c 750
10 v 20 A fe(Pae(50); B (7.50)
we have that
Bu=v (7.51)
where
B =D} fe(pr.c(30)) (7.52)

So we need to bound |u(x, s)|, x € A Ny ~/2Z¢. Explicitly (recall the notation in Sect. 7.1)

B(x.5.y.5") =V, (x, )Ly + ﬁ oo Mo g (T53)
and
beo(x,5) = 3¢ ({AV(5.c( )i x,5) = [p + 1))
F{AV(rc (50 %, ) = [0 =€) P?) (7.54)
Finally
v ==Y > Vb Doy, s) — pi] (7.55)

s'#s yeAcny—1/27d

Recalling the definition of Vy(,[,") in (7.11) we define for all x, y € A Ny ~'/2Z¢ and the
corresponding zy, z, € £_Z°,

1 5)=(y.5")

A8, 3,50) = Vi ot iy + =28 g (e ooy (7:56)
Bps

=s}

calling R(x,s,y,s’) = B(x,s,y,s") — A(x, s, y,s’). We extend these three matrices to all
x,y € y~1/27Z by setting their entries equal 0 outside A.

We denote by ||E||, the norm of the matrix E in H (| E|? = sup,o(Eu, Eu)/(u, u)),
and we observe that

||E||<maX(Z|E(x 5950 Y IEG s x,9)) (7.57)

y.s

By Theorem 7.10, B is a positive matrix such that the inverse B! is well defined. Since
the same proof applies also to the matrix A, we have that A as well is a positive matrix with
a well defined inverse A~! and |[A~'|| < C.
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Moreover by (7.12) and (7.39) we get, for y small enough,

YooY IRGus s

s" yeAny=1/27d
1

< IV, (.5, 9,8") = Vi 2oy 5, 20, )| + | == —
> X v v ’ Bbre(x,s:0) ol

s yeany—1/2zd

=a@eI@ ™ PyHY D Ly FECSSE L+ s

s’ yey—1/27d

Thus, from (7.57) we have that | R|| < c¢.
Since |A~!|||R] < Cc¢ < 1, for y small enough, we have that the series below is con-
vergent and

B'=Y (—A"'R)"A™! (7.58)

n=0

For a proof of this statement see Theorem A.1 in Appendix A of [5].
We are going to prove that there are  and ¢ positive such that for x € A Ny /274,

YooY BT sy s)le T < (1.59)

s" yeAny—1/2zd

We first show why the estimate (7.59) concludes the proof of the theorem. From the defini-
tion (7.51) and using (7.59), we have that forall x € AN y’l/de, andforalls € {1,..., S},

e, Hl=Y" Y (B8 y,8)e e oy, )

5" yeAny-1/2zd

<C* max [e= 7Ky (y, sH] (7.60)
s yeany—1/2zd
Recalling (7.55)
eyl - =yl
max e My, )] <c-—= max [e "M aere -
s’.yeAﬂy‘l/ZZ"[ .1 = Vid/z yeAﬂy‘l/ZZd[ dis(y. A=y !

thus (7.47) follows from (7.60) and (7.49).
Proof of (7.59) From (7.12) we have

Z Z IR(x,s,y,s") e

s yeAny~1/27d

<aG™PyHd T Y et ter <E (T61)

s yeAny—1/274d

We will prove that

Yo > AT sy sl < (7.62)

s yeAny-1/2zd
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then, by (7.58)

/!

Yo B sy )0l < (7.63)
1—-c"ct

s’ yeAny—1/27d

such that we are reduced to the proof of (7.62).
We define ey 5)(y,5) = L p)=(y.s), then A7 (x,5,y,5") = (e(x,5), A" e(y.s)). Thus for
u= A‘le(y,s/),

A7 (x, s, y,8) =u(x, s) (7.64)

We say that two pairs (x, s), (v, s’) are equivalent,

y,s)~(x,5) & c<“ C'”) and ¢ =s (7.65)

We call N = (yf}/z )¢, and for any (x, 5), x € A Ny ~Y/2Z we define

1
*
Clas) = N Z €x',s")

(,8") ~(x,8)

N1 | (7.66)
L _ Y - -
Cxs) = N <e(“) N—1 Z €wx',s ))
(x/,8")~(x,8), (x/,8")#(x,5)
With these definitions,
il i
(x5 er.s)) =0, Crs) = ez‘m) +ei (7.67)

and then, according to (7.64) we need to solve Au = e(‘ o T e(y e
Recalling (7.56) and observing that for all x € A N y~2Z¢ and all 5 ¢ y(x,s) =
$e0(2x, 5), we call

Uy @ 8,258 = Vi @ 2) L + B @ ) oor_itor (7.68)

=s'}

and we observe that U, - 1 (zx, §,2y,s") assume the same value in all points equivalent to
(x,s) and to (y,s’). Thus A can be considered also as an operator from H,_ onto itself in
the following way. Let it € H,_, it = (i1(z, 5), z € £_Z%), and let u its extension to H, 172
given by u(x,s) = %ﬁ(z,s) for all x € cé“ N y~Y27Z4. Then for any x € y~'/2Z¢ and
any s,

, o ou@, s 1 u(zy,s _
AuCe,)=NY . 30 Uy @5 20s) ©.5) ® Gl Az, )
s'#s et 74 N Pos N

where

1
Az, 5,2, = Uy (25,2 s)) + Nﬂp(k)lc $)=(2's")

Observe that ef, \(y,s') = %éz‘zm) (zy,s") where ef, (2, s") =1,—y ;—y is a vector in H,_.
Thus we find u = u* + u™ by solving separately Au™ = e, ) and Au* = ¢, | with u* =
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yi*, u* € H,_and ADu* =g, . By direct inspection we have

ut(y,s') =ef ,(v.5) B (7.69)

It is easy to see that

o> e el o npp® <c (7.70)

/

s" yeany—1/2zd

We prove below that there is a constant ¢ so that

Z Z ea)V\Z*Z’Ilﬁ*(Z’, s)|<é, AT = ETZ,,S,) (7.71)

s eAne_zd

(7.71) concludes the proof of (7.62) in fact

Yoo > e lrga)=e Yy Y e ) = C

s" yeAny=1/27d s" eAne_zd

Proof of (7.71) The matrix A“~) acting on functions constant on the scale £_ is the same
operator considered in Theorem 5.9 of [5] where a statement stronger than (7.71) has been
proven. Thus the proof of (7.71) is contained in the proof of Theorem 5.9 of [5], but, for the
reader convenience we sketch it. To have the same notation as in [5], we use the label i for
a pair (x, ), x € 7% sefl,..., S}, writing x(i) = x, s(i) = s if i = (x, s) and shorthand
li — j| for |x(i) —x(j)| and i € A for x(i) € £_7Z% N A. We call Ay the matrix

.. Dy Li_; . ;
Ao, ) =V, s Dlsrmspy + ——» B j€ANEZ (7.72)
s(i)

so that A“~) = Ay + ¢,y and ¢, ¢ is a diagonal matrix in H,_.
We need to distinguish values i where ¢ ¢(7) is large, and so we define

G={ieA:po()>b},  Ho={ueMH, :u@@)=0,forallie G} (7.73)

Let O be the orthogonal projection on Hg and P =1 — Q, thus Q selects the sites where
@c. 1s large and P those where it is small. Let

C=PAP — PAy(QAQ) 04, (7.74)

We look for &* such that A¢-)y* = é;f. In [5] (see (5.34)—(5.38) in [5]) it is proven that C is
invertible on the range of P and that

Pii* = C™'{Pe} — PA(QAQ) ' Qet} (7.75)
Qu* = (QAQ) '{Q¢; — QA Pu’} (7.76)

The matrix C satisfies the hypothesis of Theorems A.1 and A.2 of [5] so that there are ¢,
¢, and « such that

IC™' (G I < crexp {—xylx() —x(j)I} (1.77)
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> QAQ) ™ (i, j)ler O < = (7.78)

Furthermore if b is large enough and ¢ > || A||, there is ¢’ such that

2¢? 2¢?
IPA(QAQ) ™' QAll < % IPA(QAQ) " QAglloo < C’% (7.79)

By observing that for any i, j € £_Z, é”;(i) = l;—;, from (7.75)—(7.79), inequality (7.71)
follows. ' |

8 Surface Corrections to the Pressure

In this section we fix the chemical potential A = Ag, such that (5.6) holds and we prove
Theorem 5.3. We often omit to write explicitly the dependence on Ag ,, .

8.1 Interpolating Hamiltonian

We write an interpolation formula for the partition functions Z ® (X(k)) = ZX‘)M; ( X(k) ), ke
{1,..., S+ 1} defined in (4.2). Here A is a D* -measurable set and the boundary condition

(k) _ (k)
=p 1 €AC-
The reference Hamiltonian 2 (p,), pa = p(-; ga), is the one defined in (7.3) and it has
been chosen in such a way that forall x € y™¥/>N A and all s € {1, ..., S},
1
5 [ eesiaondan =o' z= [eP0vag s

that can be proved by using the mean field equation (6.12).
Recalling (4.1), we call

70, = / e XY, (ga)u(dg,) 8.2)
xP ’
For any 7 € (0, 1) we let (Hp = HA’)‘ﬂ»V below)
Hii(qalx ) = tHA(qalx ) + (1= Dh(pa) (8.3)
and (X} =X{, ~ below)
_ (k)
Z8, (i) = / L@ P anBOX D (ga)v(dga) (8.4)
A

We thus have a formula for our partition function Zﬁ\k) ( X/(\kc))’ namely

1 1
Sloe 2 () = 5 L og 2, - f En,(Ha(@alx®) —h(pm))di (8.5)
0

where [E, ; is the expectatwn with respect to the following probability measure (i, ;x with
support on the set X' ®)

_ (k)
1ari(dgn) = PHRNROXID ()1, o) v(dg2) (8.6)

ZX(,)t( (k))
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We call
Ao=A\& (). Aw=RAo\&y (Ap), L=y "% al>a, (87
8.2 Estimate Close to the Boundaries
In this subsection we prove the following theorem.
Theorem 8.1 There is ¢, > 0 such that
| / Ens ([ (4 xan Ux) = e™0™)])| = cor 1A\ Al (8.8)
R4\ Ago
where
1
™ (u) = 3 > wuy (8.9)
s,8" 58’
Furthermore letting £, = y~2nze,
‘ Yy EA,f<jV *[pa(x,s,q0) — p(k)(s)])‘ <oy A\ Apl  (8.10)
s xeA\AgoNLy
Proof We first observe that (recall (6.19))
[Ty % ga U xse — J, % p| < cy'? 8.11)
where, recalling (2.7),
—-1/2
p(r,s)=p" @ s:q4) + pP1pe (8.12)
‘We write
[e™(J % p) — €™ (p*)] )
="y xlp=p®N + Y0 pPT, xlp = pPrs) (8.13)
s,8";5%s’
We call
-1
A=(A\ AU (8af '[A\ AglNA) (8.14)
We define the set (recall the definition (8.12) of p)
As={asexl: Zf [, Lo = p @1 = Cy AN Awl], (8.15)
5 JRIN\Ag
where C is some large constant. We also call
Ay =28\ A (8.16)
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From (8.11), (8.13) and the fact that the interaction range is 2 ~!, we have that

| / B ([ % anUxl) = e™)]) | el 4 Oy pana(AIAN
RN\ Ago

(8.17)
We are left with the estimate of the probability on the r.h.s. of (8.17). We first write
- Za(Aalad)
pnik(An) = == (8.18)
Zpi(Xpe)
- _ ®
20 (Aalxs) = / PN IROX D (g )v(dga) (8.19)
A

and we estimate separately the numerator and the denominator in (8.18) starting from the
numerator.

The following estimate holds for the weights of the contours (see Lemma A.2 in Appen-
dix A)

Xfi(Auéfu}f”(A)) =Xy = Xjfi(AusﬁfH(A»[ + e_"gzﬁ]muaﬁfp(A)Vli (8.20)
We partition A in A = AU B U (Ag \ B) where
B =851A1N Ag (8.21)
‘We also define the set By C B such that
dist(By, B¢) > £,/8 (8.22)
We write
Hy (ga |X/(\kc)) = Hpop\B.:(@ago\8) + Haus,: (qauBlqag\s Y X/(\](c?) (8.23)
and we notice that from (8.20) we get
28, (Aalf) = / T N IR L
X/(\ko)o\B A\(AUS, (D)
X Zaup.i(Asldrgs U x4?) (8.24)

where ZX% . 18 as in (6.5) but with the energy given by Haup,. We call pay\ 5 the density
on the scale y ~'/? corresponding to the configuration g Ao\B and we call paup)e the density

corresponding to the configuration g,z U X/(\l?.
A result analogous to Theorem 6.4 holds also for the partition function with the interpo-
lated Hamiltonian. Thus, recalling Definition 6.3, we have that

10g (Zauns (Aalgsps UD)) < =B 0l faumay, .(plAaume) + 1A U B| (825)
PEAL

were analogously to (7.2), for any region Q2

1
fari(palpae) =1Fg ; (palpee) + (1 —1) [h(psz) - 55(09)} (8.26)
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Since we want to use Theorem 7.1 where A = Ag, we first change the chemical potential by
using that there is ¢ such that

|F X0y, (PauBlPaUB) = Fiuga, (Pauslpaure)l < cy'|A U B

Thus (8.25) holds with faup, = fAuBM,, in place of fAUB,Ag,y,t and with a new constant c.
We have

it Souni(olpaon) = i€ | it o onlan + 0s) + SastoalxiD | 827

pAEA, pPREXY

Recalling that pp € X ® we can use Theorem 7.1 concluding that there is a function
p; € X (that depends on p,) such that p% = p® in By and

mf fB (081 Pag\B + Pa) = [5.1(PhPag\s + Pa) — ce” (8.28)

PB EX

Calling B, the subset of B\ By that is connected to A, we observe that the functional on
A U B depends on the boundary conditions only in By and A“ where they are equal to the
pure phase p®. Thus

T80 Page\s + Pa) + Fai(palxid)

0, = k
= faus,i(Paus, |X(AUB1)0) + fB\B1UBo) . (P (B,UBy) |X1(go) + Pago\B) T fBo,r(XI(go)) (3.29)

To get rid of the dependence on pa of pg, (5 ,), We minimize the second term on the right

hand side of (8.29) using again Theorem 7.1. We thus get the existence of pp! ByUBg) such
that, going back to (8.27),

. _ k - _
1% Saui(Plpaus)y) = fB\(BluBO),t(;OR(BIUBO)|Xf(;0) + Pap\s) — ce”
PEAN
k
+ mf Faus e (PIX o))+ Froa (X)) (8.30)

We are left with the estimate of the inf on the r.h.s. of (8.30). Recalling (8.26), we estimate
separately the first term, namely ¢ F B and the second namely (1 — 1)[h(p) — B~'S(p)].

For the former we use Lemma 6.7 with Q = A U By. Then, calling R = J * (pg + X(k))

from (6.43), (6.44), (6.45), (6.39) and the fact that F, > 0, we get that

Fiup, oy (Pao | X(Ausp )l Z 7 PIAUBD) +y ™2 3" FM(R(x, 1),..., R(x, $))
xeQNLy,

(8.31)

where Ff;f, the mean field free energy, is quadratic around p®. Since paup, € X\ By We
can take Taylor expansion up to the second order, getting

y Y ENRGR, D, R S)

X€AUBINE,

K - 5 )
ZPAUBI| + — Z:V PN Ty [pavs + X(susye — p®T (832

x€(AUB)NE,
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If pausg, € A*A, observing that the integral over RY \ Ag N £, in (8.15) can be restricted to
asum over AN £, we get

_ - o
Cy"Y|AUB,| < Zy a2 Z Iy % | paus, +x(<gUBl)f —p®]

K xeANL,y,
1/2 —d)2 2 (k) (k)12 12
< |AUBI| ZV Z Jy*[pAUBl +X(Au31)<f —pP ] (833)
K xeANLy,
We next observe that
Y PLUA U B)) + GIA U Bil = Fiup, 5, (XaUs, | X(ros,) (8.34)

Using again that [Ag — A, | < y'"/? and taking C > 2, from (8.31), (8.32), (8.33) and (8.34)
we get that

k k k -
FruB, s, (PAUB, |X((A)UBI)") = Flup, g, (XLL)JB] |X((A)UBI)C) +2C|AUB|y'?  (835)

To estimate the other term in fayup,,, we observe that the function of u = (uy, ..., ug),
— %S(u) + h(u) is strictly convex and by (7.3) and (6.12) the only minimum is in p®. Thus,
calling ¢} = —%S(,o(k)) + h(p®) there is ¢* such that

y iy [_—18(p)+h(p>]z¢:|Au31|+c*Zy—d/2 Y. le—p®T (836

AUBINE 'B AUBINEL
1My 1~y

For p € A*A, observing that the integral over R \ Agy N £, in (8.15) can be restricted to
asum over AN £, and using that p — p® =0 in (A U B)“ and that J, x 1 = 1 (see (6.41))
we get

Cy'4A| ~ . 212
N SZ{V d/2 Z J,x[p—p®] }
s xXeANLy,
A 1/2
SZ{V‘M Yoty Jy(x,y)[p(y,S)—p(“]Z]
K XeANLy, yEAUB]
R 12
=S Y o= Ty Y hen) T 837
s YEAUB, xeLy

Using again that fy % 1 =1 and provided C > 2/c*, from (8.36) and (8.37), we get that

—1 _ _
y Y |G ko] zellaUBI+2CY AL Voedy  839)
AUBINEy

From (8.35) and (8.38), we thus get for all pp € A}

(k)
fAUBl,t(IOAUB] |X(AUB1)0)

* (k) (k)
> 1Fu, (X a0, [ X (ausy))
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Fa-nY Y [_—lsw)) +h<p<k>>} +4CIAly"

AUB|NE,
> fauna (Xas, | X ause) +ACIAly'2 (8.39)

By estimating ce % < c|A|y'/?, and calling

—x . (k)
Paup = p?i(B.uBO) + Xaus,uB,
from (8.30) and (8.39) we get that for all p € A%, and C>c,

inf  faug.:(PloauB))
pe Ay

= fB\(BIUB")"(pF{(BlUBO)|X;31:>) + /SA()()\B)

+ fAuBl,t(XX‘&BI |X((§)u131)") + fBo,t(Xg::) 4 @4C — o)y Al
> fB\B1UBy). (PB\(B,UBy) |X1(;I;) + Pago\B) T fAUB,UBO,t(XX‘&B]UBO |X((§)UBI)C) +3Cy'2 A
> faus.s(PauslBausy) +3Cy ' 2A|

Going back to (8.24)—(8.25) and observing that we can choose C>¢so large that
—3Cy' A+ P|AU B+ 1A USES (M) log ([1 + e*“fz”i]) < _2Cy'2|Al,
we get

5 (k k
Z 5 (AL XD

< ¢~ 2CY'21A] e PHAG\B.1 @ngy\B) X *)

- %) AAUSZ (a))

X
Ago\B

e~ BIauB.1 (FAupIP(AUB) (8.40)

Observe that the function pj , is in the set XXB - thus from Theorem 6.4 we get that

—Bfaus. (PauslPausy) <log ZAUB([’(AUB)C) +¢éy'?|A U B (8.41)

We next observe that the denominator in (8.18) can be bounded using the first inequal-
ity in (8.20) getting (recall that paup) is the density corresponding to the configuration

k
qAgo\B Y X/(\(T))

k k —BH, k A -
Zj\,)t(Xz(\f)) Z/ Loe BHAp\B.1 (@2g0\5) X ®) ety ZauB(O(auB)) (8.42)
o AAUEH) (a))

Thus from (8.40), (8.41), (8.42) using again that C>¢c, we get
~ ¢ a2
Z g (AL < e TN Z0 () (8.43)

Using that there is ¢ such that [A| < c|A\ A, (8.43), (8.18) and (8.17), conclude the proof
of (8.8).
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The proof of (8.10) is similar: with A as in (8.14) and A, as in (8.15), we get that

1> v 3 Ead(loate s gn) = 0P @1)| = cly + panADNA]

xeA\AgoNLy

_A )2
<c|Ally* 4 e TIA

8.3 Infinite Volume Limit
The following result will be used to control the first term on the r.h.s. of (8.5).

Theorem 8.2 For any van Hove sequence A, — RY of D' -measurable region the follow-
ing limit exists

1
lim 2 log Z{) , = pg” (8.44)

n—oo A, |

Furthermore for any cpo < ¢y there is ¢ and for any y small enough

. 1
IRpl < c|sbr[Alfe®, Ry := 5 log 28, — |AIpP (8.45)

for any D% -measurable region A.

Proof For any D) measurable region A we write Z') = ZX"(()))IEA,O(XX(?A 5,) where Ex o
. —Bhpp)
denotes expectation W.r.t. djup := ¢ ;(kyg)A v(dgy,) and ZX"(?) = [0 e P10 u(dg,).
A0 ’ A

Letl e B’j\. Since dup = l_[C“—>CA dpcey and since for ' #I in T, 8231'[_1 [spT)]IN
-1
Sow [sp(T)] =1

Exo([TWE, @) =TEro(WS, Tlo)) = [Tv“@ 346

rer rer el

We have
I'[,(k)(]'*) < e*Cu)fze{iNl" (8.47)

because ¥ (") is the expectation of W® (I"|¢) which satisfies the same bound indepen-
dently of ¢q. By (8.47) as a direct consequence of the cluster expansion, see for instance
Theorem 11.4.3.1 of [10], for all y small enough

> [Tv@m =ers™ (8.48)

k el
LeBy ' €L

where the “hamiltonian” K}(,k)(A) can be written as KJ(/")(A) =D Aca ny)A, A ranging
over the connected D“+)-measurable sets; the potentials U}E{‘)A are translational invariant

(in £,Z%) and satisfy the bound: for any cyo < ¢,, and for any b > 0

. 2pd
ﬁ ZebNAlU}E],()A| < e—/gcpol@ l7)7 reA (849)
Asr
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for all y small enough (N, being the number of D*+) cubes in A). We are now ready to
conclude the proof of Theorem 8.2 that we will prove with

Z(k,O)

log ) (k)
‘- U
p(k) — ¢ _ E_d v,A (850)
0 ) + N
BIC, | As0 A
because
(k,0)
log Zcf)‘—),o _ log ZX(.’S)
BICS| BIA|
We have
Ral< > > 1wk
cltr) est ) ADCHD
such that (8.45) follows from (8.49). a

The next results are the main tools for dealing with the “bulk” part of the expectation on
the integral on the r.h.s. of (8.5).

The following theorem is a corollary of Theorem 3.1 of [5] whose statement is given in
the proof below.

Theorem 8.3 There are yy, w > 0 and ¢ such that for all y < yy and all t € [0, 1] there
is a probability measure [ioo,; on X® which is invariant under translations in £, 7% and
such that the following holds. For any bounded D -measurable region A € R¢ and for any
A C Ago (Ao is defined in (8.7)) and any cylinder function f with basis in A,

Eprk(f) = Eoous (D <l flloe, @ A0 (8.51)

where Ay, is the smallest DY) -measurable set that contains A and where E A.t.k» Tespec-
tively Eo ; x denote the expectation w.r.t. [y sk, respectively [loo 1 k-

Proof In Theorem 3.1 of [5] it has been proved that for any bounded, D+ -measurable
regions A and A’ D A and any boundary conditions g and g}, . the following holds. Let
U k(dgalgac) and ppr s (dga |¢j;\,¢.) be the probabilities on XI(\k) and respectively on X[(\k,)
defined as in (8.6) but with the boundary conditions gc and g/, instead of x©’. Then there
is a coupling dQ of jup,x(dqalgac) and par s i(dqarlq,e) such that if A is any D“+-
measurable subset of A:

dist(A,A)

& (8.52)

—c

0(((gh.I") and (g}, I") agreein A}) = 1 - cre

where (g, ") agrees with (¢/, ") in A if all " € T such that the closure of sp(I") intersects
A are also in I and viceversa and moreover

gNA"=g'nA", A=A JlspT) Uy TspD)]) (853)
rer
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Inequality (8.52) implies that for all cylinder functions f with basis A C A, for A,, D A
as in the statement of the theorem,

[Erk(f13a) = Enii(Flano)l = el £l (((ah I') and (g}, ") do not agree in A, })

< ¢ fllsoe™ T EBLAD (8.54)
Then for any sequence A, — R? of D+ -measurable region, and for any f as above, the se-
quence {pa, k(f1gas)} is a Cauchy sequence and the limit g, 1 (f) defines a probability
on X® which is invariant under translations in £, Z?. From the uniformity on the boundary

conditions defining par;x(f1gana U G).) it follows that for any A, D A (A, an element
of the sequence defining (oo s k)

- _ I4+oy i c
IEp ik (F1Gac) = Ba, o (F) < [ fllage™@? ™ d5t8EAD

and this implies (8.51). O
We will use the following consequence of Theorem 8.3.
Corollary 8.4 For any D% -measurable region A C RY, for any r € Ay
’]EA,,,k(e‘"f(Jy %02) (") = Eoor s (€™(Jy %qa) (1) ’ < cemov! T distr A (8.55)
where e™ is defined in (8.9).

Proof We denote by A, the smallest D+ -measurable set that contains the set {r : |r —r'| <
2y~!'}. We have that

—d
)4
sup Sy xqa(rs) < I oot (0 4+ 6) (8.56)

(k)
GAEX )

where ¢4 (p® + ¢) is a bound for the number of particles in a cube of D*- and ye%d is a

bound for the number of cubes in D~ that intersect the set A,. Thus from (8.51) and_(8.56)
we get

Bk (€ (Jy %0) (1) = Bk (6™(Jy %94) ()| < cemr 008t (3.57)
Since dist(A,, A€) > dist(r, A°) — 3£, (8.55) follows from (8.57). a
8.4 Proof of Theorem 5.3
As a consequence of Theorem 8.2 and Corollary 8.4 we have the following result.

Theorem 8.5 Let P, and p(()k) be the pressures defined in Theorem 5.2 and Theorem 8.2

respectively. Then

1
py) =Py, + f E%,, ((A)dt (8.58)
0
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where,

lg(s) N Cg™|
A(q):][(z eIy xq]— Z(wk(v)Jrk,s y)i
G " ot
with
o) =r® =g, 1O =3"pF (8.59)
s'#s

Proof We will get (8.58) by dividing (8.5) by |A| and letting A — oo. We first write (below
we set £y, = 0,79,
g g N
o) +hpplanl =€ D0 () +ap) = — =t Y adaa)
xeLe NA s L xeLe, NA

We write

Ha(qalx &) + 2p.,1qal

:/ 2= emf[Jy *xqp U XA‘)] — emt[J * XA()] + Z /
(AUS

out lAJ)\A()o x€Ly, NAgo

mt
) €Ly %]

(8.60)

Taking expectation w.r.t. pia ,x We get

Enr(Hataalxi) = h(on))

= / Ena (€™ % aa Ux1— ™, x x1)
(AUsY [A])\AOO

necer
e Y EA,k(][ "ML, %] — Z(w(s)ﬂ,;y)M) (8.61)
+

XE£(+ NAgo

As in the proof of (8.56) we have that

Ed
Sup Ty % (o) < ¥ I ol (0 + 0 7 (862)
qAEXI(\lO -
Thus
1
lim — EAtk<e [, xqa U xpl1 =™, *X(k)]) -
A—Re A Ausgz‘ [AD\Ago

From Theorem 8.3, using the invariance under £ -translation of the limiting measure fto ;&
and noticing that |£,, NA| = [A]/€4, we get

1
lim ——En i (Ha@ala) = h(pn)) = Bk (4) (8.63)
A—RA |A|
From Theorem 5.2, (8.44) and (8.63), (8.58) follows. O
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Corollary 8.6 We call

\I/(Jy*qA;xX?):f

(emf[Jy *xqgp U X,(\kc)] —e™[J, * X/(\k()D - / ™[ 7, « X/(\kL] (8.64)
A€ A

Then the following holds.

1 . 1
ElogZ(A")(xﬁ)=Px,,_ylA|+RA+Ik(A‘)—/ [Ri+Ry+Rs—Rs—Rs]  (8.65)
0

where R, is defined in (8.45) and 1 in (5.2),
R = / {IEA,,,k(emf(Jy *qA)) — Ew,,,k(emf(Jy *L]A))}dt
Ao

Ry = / [EA,t,k([emf(]y *xgp U X/(\kp)) _ emt‘(p(k))])
R\ Ago

— Eeori([e™ (4 xaa U x2) = €™ (0™)])]
R3 = EA,r,k(\p(-’V *qn; X}\ké))) —L(A9)

Finally, recalling (6.19),

R4 = Z[(ﬂk(s) + Ay ly 42 Z [k (Jy *£a) = Eoour (Jy * pa)]

N xeApoNLy
Rs= Y (@) + 2,1y ™2 Y [Encal(dy * (oa — ™))
s xeA\AgoNLy

—Eeori (4, % (oa — )]

Proof Coming back to (8.5) and using (8.58) and (8.45) we get

l1 ZOGEY =P |Al+ Ry — I Ex i (H Wy _n — |A|E A)ld
B 08Z, (Xpc) = Piy IAI+ Ry A,t.k( A@alXac) (PA)) [A|Eeo, k (A) |dt
0

(8.66)
Recalling (8.60) and definition (8.64), we get
(k) _ mf (k )
Halasl )+ 2 laal = [ (0, wlan Ul + 90, wanin) 867
A

Thus adding and subtracting I; (A°) we get that the term corresponding to the energy e™ in
the integral on the r.h.s. of (8.66) is given by

/ En ok (e™(Jy *[ga U x 1)) — Eork (e™(Jy % q)) + Rs + L(A)
A
= / [Eari((€™(Fy *qa)) — sk (€™ (7, *qa))] + Ra + Rs + Li(A9)
Ago

We have used “back” £ -translation invariance of [t and to get the term R, we have
added and subtract e™ (p®).
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For the remaining terms in the expectation on the right hand side of (8.66), we consider
pa = p(-; qa) as a function defined on the whole lattice £, by setting p, = 0 outside A, so
as to we write

Mgy lgal +h(pn) =Y [@u(s) + A Jy 2 Y Jy % pa (8.68)

xeLy

where we used that fy * 1 = 1. We then split the sum for x € £, in a sum over Ag plus the
sum over A \ Ago. In this last sum we add and subtract p® thus getting R4 and Rs. O

From (8.65) it follows that in order to conclude the proof of Theorem 5.3, namely of
(5.7), we need to show that

Ri+Ra+Rs —Ra—Rs+ Ra| <cy*I55 (A)] (8.69)

Proof of (8.69) Since the number of cubes C € D¢~ that are in 8%71 [A] is bounded by

S Al ¢ (v
e (yhHet ol

< Caf; [A]y(l—a_)d+a+

From (8.55) we then get
IRy| < |85 [A][y e rer f e THer < gy madio st Ay ey (g 90)
=%
and also
[Ral < cloy [Ally e res 37 7" Hron < gy mandrenjstag e 871
xelo,
x4
From (8.8) we then get
IRa| < ey /4 AN\ Agol (8.72)
while (8.10) yields
IRs| <y * A\ Agol (8.73)

In order to estimate R3 we observe that it is equal to the expectation of

W(Jy *qai xpad) = L(A) = f (" (Jy #[qa U xplD) = €™ (0™}
3 1

out

P k k
+ /[ L ™y * X0y — e, % x 1))
Som [A1US, T [A]

By (8.8), the expectation of the first term is bounded by cy!'/4|A \ Agl, while (8.12)

shows that the expectation of the second term is bounded by cy!/2|A \ Ayl so |Rs| <
26)/1/4|A\A()0|. D
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Appendix A: Bounds on the Weights of the Contours and on the Energies

In this appendix we will prove lower and upper bounds on the weights XX‘),\ (ga) defined
in (4.1), see Lemmas A.1 and A.2 below. These results are quite general thus their proof is
equal to the one for the LMP model given in [10]. We also give bounds on the energy in
Lemma A.3 below.

The subsets of RY that we consider here are all bounded D“+) measurable regions. We
will often drop the dependence on A and g, when no ambiguity may arise, thus calling
X% =X (gn).

We extend the definition (4.1) by setting for A € A’ and N € NU oo,

k), k
X3 =" T v enspmnaze Wi (Tlg) (A.1)
EEB’;\, el

Observe that, since sp(I") N A # # if and only if sp(I") N 8}, "' [A] # @, then X{'° =X,
hence (A.1) indeed extends the definition (4.1).

Lemma A.1 (Lower bounds) For any N >0

xQ=x0N  xPP=1 (A2)
xP,=xQ,,, Acacn (A3)
Xy = X{a Xy (A4)
Proof See Lemma 11.1.1.1 in [10]. O

Lemma A.2 (Upper bounds) XX() v AN C A, s a non decreasing function of A', namely
X3 (qa) X0 (qa), ACN CA" g NA =qu (A5)

and forany AC A C AN C A,

(k) (k) (k)
XA;A, < XA\A;A,,XA;A, (A.6)
Moreover there is a constant b > 0 such that
d
(k) —Bew 2[11 3d |A|/Z+
X = (14 erefon@ent) (A7)
Forany A C A
apdaa AL
X < XQ, (14 erepon@ent) (A8)
(€4) d
- r2pdy2d\0in (A€
X = XP (14 hepeneat) . (A9)
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Finally,

) k), N —Bew(@2ed )N |Al/ed
X < X0 (14 [ele P @) (A.10)

Proof See Lemma 11.1.1.2 of [10]. U
We now give bounds on the energy.

Lemma A.3 Let pma be as in (6.33). There is ¢’ such that for any q, such that
p (@, s; qn) < Pmax, forall r € A, and s € {1, ..., S} and for any particle configuration
or density function Gae such that p“=)(r, s; qac) < pPmaxs ¥ € A° (in particular if ga € X,(\k)
and gc € Xf(\kc) for some k),

[Ha 1 (qalgac)l < C'|Al, - forall [x—2gl <1 (A.11)
If also @)\. is such that o, s; Ge) < Pmax, I € AC, then
|Han(qalgac) = Han(qal@ho)l <oA1y ™", forall & (A.12)
Finally for all g, gpe and all X,
Hp 5(galgac) = —2lqal (A.13)
Proof First notice that for any r, r’

J, (') < [T oy 1 (A.14)

dist(r,cf,y_l))fy*'
Fix r € A, since there are at most 3¢ cubes in D" at distance < y~! from r, we have
Ty %q(r,8) <3 llooPmaxs Vs (A.15)

Thus recalling (2.4) we have that

Haaaaldol = | [ 00, 4 0n U3 = 0, 20
AUSY, [A]

< 391 lloo Pmax| Al

thus proving (A.11) with a constant ¢ independent of A if [ — Ag| < 1. Analogously we
have

[Ha 1 (qalgac) — Ha s (qaldpe)l
: Aﬁl[A]uagull[A] {e™(Jy % (ga UGac)) — €™ (Jy % Gac)}
— (™, % (ga UGpe)) = €"(J, % Gh)}| < ¢ 19Aly ™!
Finally notice that for gy = (..., ri,8;,...) and g = (..., 7, 8;,...), we can write

_ 1
Hyi(@aldn) =5 Yo Uy x )0 )l

iF#jirirj€A
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+ YD Uy R D) Pz, — Mgal = —Algal

iirj €A jirjeAC

thus proving (A.13). O

Appendix B: Thermodynamic Pressures

In this Appendix we prove Theorem 5.2.

o Foranyhelig—1, g+ 1landk e{l1,..., S+ 1} there is p(k, 1) such that for any van
Hove sequence A, — R of D(”)-meamrable regions and any sequence q(") € X, ®

lim log ZY , (@4) = p(k. 1)

n—)ooﬂ| )‘l|

The proof is the same as the analogous one for the LMP model in Sect. 11.7 of [10]. The
latter in fact is based on bounds on the energy and on the weights of the contours which
are the same as those proved in Appendix A. Existence of pressure when the phase space is
non compact it is not an easy problem in general, the simplifying feature in the LMP and
the Potts Hamiltonian being the bound Hy ;(galgac) = —blg| uniform on the boundary
conditions, see (A.13), which in general cannot be expected to hold. In this way the problem
is essentially reduced to the case of compact spins. With the bounds proved in Appendix
A the contours weights are also easily controlled, the argument is standard in statistical
mechanics.

o pk,))=p(,A), kefl,....S)

Let ¥ (g) be the configuration obtained from g by interchanging spin 1 and spin k,
leaving all the other spins and all the positions unchanged. By the symmetry of the Hamil-

tonian Hy 5 (Y (qa)|¥i(gac)) = Ha 1 (qalgac) and the Jacobian dv(ga)/dv(¥i(qa)) = 1.
Moreover v @ X, N Xf\k) one-to-one and onto and X(k)x(qA) (l)x (Y (ga)). Then

X‘}? 5 (U (q("))) = ZX}? (g A()) hence the thesis as we have already proved independence
on the boundary conditions.

o P = p(1,1) and P := p(S + 1, 1) are continuous functions of i.

By the bounds in Appendix A we reduce to the same setup as in LMP and the proof be-
comes the same as in Sect. 11.7.3 of [10]. Notice that the dependence on A is explicit in the
Hamiltonian but also implicit in the contours weights. The dependence on the former is dif-
ferentiable while the dependence of the cutoff weights on A is only proved to be continuous.
The whole argument is quite standard.

o There are ¢y and € positive and p® (L) = {p®P W)}, s € (1,..., S}, kefl,...,S+ 1},
[ — Ag| < co€, such that: for all s, pSTV (1) = pfsﬂ)(k);for k<Sands#k p® () =
pél)(k) < pl(l)(k) = p,ﬁk) (A); p® (1) are differentiable in »; F™(-) has local minima at
p® ) and

(e an - et ran)| Z{p“*” s <0 (B

This is proved in [5].
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e There are ¢| > 0 and for any k > O there is y, > 0 such that for any y <y, any k €
{1,..., S+ 1} and any A such that |» — Ag| < kyl/?

| P (ord) (ord;
A

—pN =y k=18 [PV pliyIi<cy!? (B2

where p,(f;sfrd) —FM(pS+tD (L)) and p[(r‘l’f“l) =—F™(pD1)).
By (A.2) and (A.7)

Zan P10y < 20 (x0) <288 7, (P13 D)
By Theorem 6.4

<cy'?|A|

log Zs (XX +8infF3,(oalxi)
pam(pa;r)=k,ren

Postponing the proof that FA 5 (oA |XAc ) > Fy o, (xa (k)lx(k)) we get

A ‘ 1og Z, (x2) + BFL, P 1x )] < ey + £ 10g2

Choose A as a cube of side L, then |F} A()((k)|)((k)) — |AIE™(p® (1)) < ey 'L4! and
(B.2) follows letting L —> 0o. It thus remains to prove that for any |A — Ag| < kyl/? and y
small enough, F} A(pA|)( ) > Fy A()((k)|)((k)) The proof is taken from Proposition 11.1.4.1
in [10].

Call p the function equal to p, on A and to X/(xkc) on A°. Since S(0) =0, S(X(k)) =
S(X,\t‘ )1A° s

Fi, (palxed) = f {(FM(J, % p) — F™(J, % x )} + ﬂ{su}*p)—sw}
ﬂ{su s x) — Sy

We can write the integral of the sum as the sum of the integrals and in the integral with
{S(J, * p) — S(p)} we can replace S(p) by J, * S(p). Then FX,A(,OAIXI(\]?) becomes

1 N N
/ (P00 = FG 520 + f 18U % )y #8(0))
R

—— / (8, * x¥) = S

Since n(pa; ) =k, for all y small enough the first curly bracket is minimized by setting
0 A = X,(\k), the second curly bracket by convexity is non negative and vanishes when p, =
), the third one is independent of p,, hence Fy )L(IOA|XAC )= Fi A()((k)b((k))

P (ord) _p (dlsord)

The proof of (5.6) follows because: is continuous and there is ¢ > 0 such

that for all y small enough

is 0 ifr=hrg—cy'?
P)ford) _ pdisord) {< 1 g —CV (B.3)

g >0 ifr=hrg+cy'?

@ Springer



306 A. De Masi et al.

(B.3) holds because: |{P{™" — Py — (p) — plso D) < 2¢fy /2. By (B.1) and the

smoothness of { pﬂ? - pﬂfi’rd)}, there is @ > 0 such that for any « and all y correspondingly

small,

(Pl — plUserdy > q(h —hp), A€ lhg, hg+iy'

(ord) (disord)
Hence P,"" — P, > (ax — c})y /2.
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